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在历史上，图论与化学有着非常紧密的联系。化学结构可以很简单地表示成

图的形式，这样的图也称为化学图，或者分子图。分子的拓扑指标足从化学图集

合到实数集合的一个映射，理论化学家和数学家提出了众多的拓扑指标并进行研

究．本文主要研究一种广受化学家和数学家关注的拓扑指标一一Randi6指标，

研究Randi6指标与图的其它若干不变量之间的关系，如色数，半径，直径，最小

度，最大度，阶数和边数，等等．

1975年著名理论化学家、数学化学家P沮ndi6提出了连通性指标，即Randi6

指标。(化学)图G的P沮ndi6指标定义为R(a)=∑。惦EfGl(d(让)d(秽))一{，其中
d(珏)表示图G中顶点u的度数。lhndi6指标与分子的物理化学性质，如沸点、

表面积等，都有着紧密的联系。1998年，著名数学家BollobLs和ErdSs将R(G)

中的一万1替换为任意的实数Ot，从而提出了广义Randi6指标的定义。理论化学

家和数学家对广义Randi6指标进行研究，并且得到了很多重要而深刻的结果。

第一章足引言部分，介绍了P谂ndi6指标的定义、研究背景，以及本文中涉及

到的相关概念和基本知识。以下五章为本文的主要贡献：

在第二章中，我们指出了Hansen和M610t的文章[Variable neighborhood

search for extremal graphs 6：Analyzing bounds for the connectivity index．J．

Chem．Inf．Comput．Sci．43(2003)，1-14]中两个定理证明的错误，并给出了正
确的证明．这两个定理刻画了化学树的Randi6指标和叶子点数之间的联系．

在第三章中，我们讨论了图G的Randi6指标R(C)和最小度6(G)之间的关

系，并部分解决了Bollob缸和ErdSs提出的公开问题。1988年，Shearer证明了

如果图的最小度6(G)≥1，那么R(G)≥、，伤／2，几个月后Alon将这个界改进到

而一8．1998年，BoUob缸和Erd5s证明，如果5(a)≥1，则有R(G)≥而一1，
其中等号成立当且仅当G是星图。Bollobas和ErdSs提出如下问题：给定图

G的最小度6(G)，R(G)的最小值是多少?在2002年，Delorme，Favaron和
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摘要

Rautenbach针对这一问题提出了如下猜想：如果图G的最小度6(G)≥k，那么

R(G)≥糕+(：)矗，其中等号成立当且仅当图G是由完全二部图纸，佗一七
做如下变换得到：在玩m一知含有k个顶点的那部分内的任意两个顶点连一条边．
提出猜想后，他们证明了k=2时猜想是成立的。我们验证了k=3时猜想的

正确性，由此很容易地得到猜想中的不等式对所有的化学图也是成立的。更进一

步，我们证明了当忌≥4时，如果图的顶点数满足竹≥；而3，则猜想是成立的。

在第四章的第一部分，我们完全解决了Caporossi和Hansen提出的关于图

的Randid指标和色数的猜想：对顶点数n≥2的连通图G，R(G)≥趔2 +

了霜1 (4x(a)一1+礼一x(a))，而且对所有的礼以及2≤X(a)≤竹，这个界是

紧的，其中图G的色数X(a)是指使得图G有正常顶点着色(相邻顶点所着颜

色不同)的最小颜色数目．在第二部分中我们考虑了Fajtlowicz提出的关于图的

Randid指标和半径的猜想：对任意连通图G，R(a)≥r(a)一1，其中图G的半径

r(G)=m_in移∈G may。u∈(G)d(u，V)。根据Erd5s等人的关于图的半径和最小度的结

果，我们证明了若G是具有竹个顶点，最小度为J(G)的连通图，如果6(G)≥詈

且礼≥25，则猜想成立；更进一步，对任意实数0<E<l，如果6(G)≥￡佗，则

对充分大的n，猜想都是成立的。

在第五章中，我们考虑了具有礼个顶点、m条边的化学图的广义零阶Randid

指标的极值问题，其中广义零阶Randid指标定义为oR口(G)=∑u6v(G1 d(乱)n．
对任意的实数OL，我们用图的顶点数和边数给出了广义零阶Randid指标的严格

上界和下界，刻画了相应的极图。

在第六章中，我们研究了图G的反比度，(G)和直径D(G)的关系，其中反

比度的定义为J(G)=oR一1(G)=∑u∈y(G)丽1。ErdSs，Pach和Spencer证明，
对具有礼个顶点的连通图G，若I(G)≥3，则有

(弘2／3J+D(1))高纠叩)叫V)≤(6r+o(1))而logn，
其中肛(G)是图G的平均距离，u(n，r)=max{#(G)：I(G)≤r)，D(n，r)=

max{D(G)：Z(G)≤?’)。Dankelmann等人将此上界改进了2倍，即D(G)≤

(3z(a)+2+D(1))loglog,-,。针对树和单圈图，我们将Dankelmann等人的上界改

进了{·里loglogn倍，并且证明此时的界是最好的，确定了达到此上界的极图。
关键词：lhndid指标，图的不变量，极图，化学图，线性规划，度序列，色数，直

径，半径，反比度
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Abstract

Historically,graph theory has a close relation with chemistry．A chemical

stmcture call be conveniently represented by a graph。which is called a chemical

graph or a molecular graph．A topological index is a map from the set of chemical

grapll8 to the set of real numbers．Various topological indices are proposed and

researched by both theoretical chemists and mathematicians．This thesis consider

one popular topological index--Randid index，and study the relations of Randid

index and some other graph invariants，such as the chromatic number，the radius，

the diameter，the minimum degree，the maximum degree，the order and the size，

etc．

The Randid index(or the connectivity index)R(G)of a(chemical)graph G

Was introduced by the chemist Randid in 1975 as R(G)=∑伽∈EfGl(d(让)d(移))一互1，
where d(u)denotes the degree of a vertex“in G．Randid index has a good

correlation with several physicochemical properties of alkalies：boiling points，

chromatographic retention times，enthapies of formation，parameters in the An-

toine equation for vapor pressure，surface area8，etc．Later，in 1998 Bollob五s and

ErdSs generalized this index by replacing-1／2 with any real number a，which

is called the general Randid index．It has been extensively studied by both theo-

retical chemists and mathematicians．Many important mathematical properties

have been established．

In Chapter 1，we introduce the definition and the background of the Randid

index，and give the basic notations and terminology related to this thesis．The

succeeding five chapters are the main contributions of this thesis：

In Chapter 2，we point out the mistakes in the proofs of two theorems in the

paper of Hansen and M610t【Variable neighborhood search for extremal graphs
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6：Analyzing bounds for the connectivity index．J．Chem．Inf．Comput．Sci．

43(2003)，1-14]．In the two theorems，they studied the relation of the Randid

index and the number of pendent vertices of chemical trees．We present the

corrected proofs．

In Chapter 3，we study the relation between the Randi6 index R(G1 and the

minimum degree 6(G)of gr印lls and partially solve the open problem proposed

by Bollobks and ErdSs．In 1988，Shearer proved R(G)≥～佤／2 if 6(G)≥1．A

few months later，Alon improved this bound to、历一8．In 1998，BoUobks and

ErdSs proved that R(G)≥、历一1 if 6(G)≥1，with equality if and only if G is

a star．BoUobks and ErdSs asked for the minimlnll value of the Randi6 index for

gr印hs with given minimum degree．In 2002，Delorme，Favaron and lhutenbach

proposed the conjecture：if 6(G)≥k，then R(C)≥ +(：)击，with
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In Chapter 5，we consider the extremal values of the zeroth-order general

Raudid index of chemical graph G，which is defined as o凰(G)=Eu∈y(G)d(Ⅱ)口，
where O／is an arbitrary real number．We give the sharp upper and lower bounds of

o玩(G)by using the order n and the size m of G，and characterize the respective

extremal graphs．

In Chapter 6，we investigate the inverse degree，(G)and the diameter D(G)
of graph G，where the inverse degree j(G)=oR一1(G)=∑缸∈y(G)而1．ErdSs，
Pach and Spencer proved that，if G is a connected graph of order礼and／(a)≥3，
then

(兰"⋯(1))器纠叩)≤砌川≤(6r+o(1))嘶logn，
where u(a)is the average distance，

D(礼，r)=max{D(G)：i(a)冬r)．
bound by a factor of2，

u(n，r)=max{#(G)：I(G)≤r)and
Dankelmann et a1．improved the upper

。(G)≤(3，(G)+2+。(1，)，l。lgolg。ng瓦．

We give the sharp upper bounds for trees and unicychc graphs，which improve

the above upper bound by a factor of approximately{·巫log log n．

Keywords：Randi6 index，graph invariant，extremal graph，chemical graph，lin-

ear programming，degree sequence，chromatic number，diameter，radius，inverse

degree
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Chapter 1

Introduction and Historical Notes

This chapter recalls and defines some important notions of graph theory．It

is assumed that the reader is familiar with this material in all the subsequent

chapters．

We follow in general what is considered by many graph theorists to be of

C01D．t21011 use．The standard textbooks of Bondy and Murty【16，17】and Bollob五s

【13】are the main references for such terminology．

1．1 Graph theory and chemical graph theory

Graph theory finds its roots in the famous K6nigsberg Bridge Problem．In

the eighteenth century,two branches of the River Pregel meet in the Eastern

Prussia city of KSnigsberg，to flow into the Baltic Sea．Seven bridges connect

the various parts of the city which are separated by water．Some of the citizens

wondered if it were possible to take a journey across all seven bridges without

having to cross any bridge more than once．T妇problem raised the curiosity

of the mathematician Euler．He proved in 1736 137)that such a journey was

impossible．rr：IliS structure composed of land areas and bridges Can be represented

with a graph．Each vertex is a land area and an edge is a bridge between two

of them．The initial problem Can be reformulated as follows：given a graph，one

has to find a sequence of vertices and edges which crosses each edge exactly once，

returning to its starting vertex．



Chapter 1-Introduction and Historical Notes

Euler[37]gave a condition for when it is possible on any graph：each vertex

has to be incident with an even number of edges．He proved that this condition

is necessary and sufficient．

Actually,graph theory has a lot of applications，for details see[16，42，43]．
Much of the present—day interest in the subject is due to the fact that，quite apart

from being all elegant mathematical discipline in its own right，graph theory is

playing an ever-increasing role in such a wide range of subjects as electrical en-

gineering and industrial engineering，physics and biologies，operational research

and crystallography,probability and genetics，and sociology,economics，geogra-

phy,linguistics and numerical analysis．

Historically,graph theory has a close relation with chemistry．A chemical

structure Can be，of course，conveniently represented by a graph：atoms are ver-

tices and chemical bonds are edges of the graph，which is caUed the chemical graph

or the molecular graph．Chemical applications in graph theory are numerous．The

field of research that we nowadays call chemical graph theory originated in the

1870s，when the great British mathematician Cayley published the paper“On

the mathematical theory of isomers”【23】，followed by some half a dozen of other

chemicomathematical treatises．At about the same time，the British-American

mathematician Sylvester published a note(in Nature 17(1877-187S)，284)enti-

tied“Chemistry and Algebra'’[93]，where he introduced the name“graph”for

this kind of mathematical structure，and he took this nanle from the chemistry．

The paper deals with graph invariants and mentions the connection to chemistry．

On the side of chemistry a lot of activities Was devoted to the enumeration

of chemical isomers．In a Paper of Lunn and Senior the first connection between

this kind of a problem and group theoretic methods were mentioned．But the

main clarification is due to the famous paper of P61ya：“Anzahlbestimmungen ffir

Gruppen，Graphen und Chemische Verbindungen'’【87】．Tllis paper can be con-

sidered as the foundation of graphical enumeration，more generally,of algebraic

combinatorics．

Prelog just before winning the Nobel Prize in chemistry in 1975 made a simple

but profound comment about graphs and graph theory：

“Pictorial representations oy graphs are SO easily intelligible that chemists are

2



Chapter 1．Introduction and Historical Notes

oyten satisfied顿执inspecting and discussing them without paying to attention to

their algebraic aspects,but it is evident that some familiarity with the theory oy

graphs is necessary／or deeper understanding 0|their properties j‘

In theoretical chemistry atomic connectivity belongs to basic facts and，for
this reason，graph theoretical considerations have always played a role in chem-

istry．There are relevant physical and chemical questions，in particular for large

systems，to whose solutions graph theory Can make insightful contributions．

In chemistry,people want to find some new molecules with desired physico-

chemical properties，for example，boiling points，molecular volumes，flavor thresh-

old concentration antiviral activity,energy levels，electronic populations，etc．And

these properties can be quantitatively represented by some values of a certain in-

dex．The notion of a“topological index”appears first in a paper of the Japanese

chemist Hosoya【54]，who investigated the surprising relation between the physico-

chemical properties of a molecule and the number of its independent edge subsets

(matchings)．A topological index is a map from the set of chemical graphs to

the set of real numbers．Therefore a topological index is a numeric quantity
that is mathematically derived in a direct and unambiguous manner form the

structural graph of a molecule．Since isomorphic graphs possess identical values

for any given topological index，these indices are referred to as graph invariants．

Topological indices usually reflect both molecular size and shape． The advan-

tage of topological indices is that they may be used directly as simple numerical

descriptors in a comparison with physical，chemical，or biological parameters of

molecules in quantitative structure-property relationships(QSPR)and in quan-

titative structure-activity relationships(QSAR)．

Graphs representing molecular structures often have a maximum degree A

which is bounded．In particular，we recall that

Definition 1．1．1 A chemical graph拈a graph with the maximum degree A≤4．

It comes from the fact that the carbon atom has a valency of 4．For instance，

the fullerenes are molecules composed entirely of carbon，which take the form of

a hollow sphere，elhpsoid，or tube．

Various topological indices，more than 1000，have been studied，for example，
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Chapter 1．Introduction and Historical Notes

the Wiener index，the Balaban index，the Randi6 index，the Zagreb index，the

Hosoya index，the Merrified and Simmons index，etc．Some of them are dis-

tance based indices，some are degree based indices，some others are structllre

based indices，such as matchings or independent sets，etc．Different indices have

different use in chemistry,i．e．．different indices can indicate different chemical

information and describe different properties of chemicals．With the increase

of interest in QSPR／QSAR，numerous results in this area have been published．

For more details about chemical graph theory and graph invariants，one can see

【7，8，48，51，58，78，82，90，91，94，95，96]．

1．2 Notations and definitions

In this thesis，we consider only finite，undirected simple gr印h8．

Let G=(K E)be a finite，undirected simple graph．Let u be a vertex of G，

then we write让∈G instead of u∈V．The order of G is the number of vertices

in G，denoted by IGI，and thus lGI=ly(G)I．A graph of order佗is also called

all佗一vertex graph．The size of G is the number of edges in G．Similarly,c(n，m)
denotes an arbitrary graph of order n and size m，which is also denoted by an

(n，仇)一graph．A graph of order n and size(n2)is called a complete graph and is

denoted by％．A tree T is a connected acychc graph，then a tree of order佗has

size m=佗一1．Let R or Ck be the path or the cycle oforder竹，respectively．A

bipartite graph Bp，g is composed of two independent sets of vertices(partitions)，
with P and q vertices respectively,and some edges joining pairs of vertices乱and

钐such that u and口are not in the same partition．Ifone bipartite graph contains

such edges for all pairs，then it is called a complete bipartite graph，denoted by

％，g．The graph K1，件一l is also called a star of order礼，denoted by&．

Two isomorphic gr印hs share several properties which Can be expressed in

terms of invariants．A graph invariant is a numerical value which is preserved by

isomorphism．The order n and the size m of a graph G are the simplest examples

of graph invariants．

Thereexist many invariants describing specific characteristics of目印hs．Some
of them are based on the notions of degree，distance，colors，and SO on．In the
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following，we introduce some graph invariants related in this thesis，such as the

minimum degree，the maXim呦degree，the diameter，the radius，the chromatic

number，etc．

For any vertex u∈G，denote by g(v)the neighborhood of u and d(v)the

degree of"．The minimum degree of G is denoted by 6(G)，while the maximum

degree is denoted by△(G)．A vertex of degree 0 is said to be an isolated vertex．

A vertex of degree 1 is called a leaf vertex(or simply,a nay)，sometimes is also

called a pendent vertex,and the ed薛incident with the leaf is called a pendent edge．

Denote by 7r(G)=【dl，d2⋯．，厶】the degree sequence of graph G，where dt stands

for the degree of the i—th vertex of G，and dl≥42≥⋯≥厶．For convenience，

sometimes we denote霄(G)=【簖1，《2，．．．，鳄5]，where dx>d2>⋯>以and

d7‘denotes that the number of vertices with degree di is Qt．

The length of a path is the number of edges in the path．The distance d(t‘，u)
between two vertices u and"is the length of a shortest path between钆and"．

If G has no such path between vertices乱and"，then d(u，秒)=oo． A graph

G is connected if there exists a path between every pair of vertices in G．The

diameter D(G)of G is the m脚mum distance between any pair of vertices of

G，i．e．，D(C)=maxu,vev(o)d(u，u)．The eccentricity of a vertex¨，written E(乱)，
is ma‰∈V d(u，")．Note that the diameter equals the maximum of the vertex

eccentricities．The radius of a graph G is r(V)=minu∈yE(乱)．For a given graph

G，a vertex coloring of G is called proper if any two adjacent vertices are assigned

different colors．The chromatic number x(a)of G is the minimum number of

colors that axe needed to color G properly．

1．3 Overview of the thesis

For a(chemical)graph G=(K E)，the general Randid index吼(G)of G is

defined as the sum of(d(乱)d(口))n over all edges．钍"of G，where d(u)denotes the

degree of a vertex u of G，i．e．，

Ra(G)=∑(d(让)d(钞))口

where O／is all arbitrary real number。
uvEE
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Chapter 1．Introduction and Historical Notes

In 1975，the chemist Randi6【sg]proposed a topological index R(R一1 and

R一{)under the name“the branching index”，which is now also called“the Randid

indeZ’or“the connectivity indeZ’．suitable for measuring the extent of branching

of the carbon-atom skeleton of saturated hydrocarbons．Later，in 1998 BoHobfis

and ErdSs[14]generalized this index by replacing一{with any real number a，

which is called the general Randi6,index．

The zeroth—order Randid index,conceived by Kier and Hall[57，59]，is defined

as，

。R(G)=oR一-／2(G)=∑d(钆)一i1
t‘∈G

where the summation goes over all vertices of G．In analogy to the Randid index，

Li and Zheng【74]defined the zeroth—order general Randid index o耽(G)of a

graph G，

o风(G)=∑d(u)。，
t上∈G

where Ol is an arbitrary real number．

Already Randi6 noticed that there iS a good correlation between the Randi6

index R and several phy7sicochemical properties of alkanes：boiling points，chro-

matographic retention times，enthalpies of formation，parameters in the Antoine

equation for vapor pressure，surface areas，etc．In subsequent years countless

applications of R were reported，most of them concerned with medicinal and

pharmacological issues．A turning point in the mathematical examination of the

Randid and general Randi6 index happened in the second half of the 1990s，when

a significant and ever growing research on this matter started，resulting in numer-

OUS publications．As the chemist Gutman in【46]mentioned that：“In chemical

graph theory,the connectivity index achieved a rapid and enormous SUCCesS．It

soon became the most popular and most frequently employed structure descrip-

tor，used in innumerable QSPR and QSAR studies．It Was soon generalized(to

‘higher-order eonnecti、，i锣indices’)and parametrized(SO as to be applicable to

heteroatom-containing species)．’’

Recently,the Randid index Was studied by both mathematicians and theoret-

ical chemists，who established a few of its fundamental mathematical properties．

For a survey of results，we refer to the book【62]written by Li and Gutman and
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the survey【67】．

Note that the Randid index and the zeroth-order Randi6 index are both

graph invariants．Graph theory contains a large number of relations between

graph invariants．Some of them龇．e equalities，most of them are inequalities，

often nonlinear in oIle or more pazameters．The relations between the Randi6

index and some other graph invariants are listed a8 follows．

1．3．1 Randid index and the number of pendent vertices of

chemical trees

A chemical gr￡Lph(tree)is a graph(tree)in which the maximum degree is

110 more than 4．Let T be a chemical tree of order佗丽th nl pendent vertices．

There are many results Oil the relation between the rmadi6 index R(T)and nl，

one can see【69，73，97，99]．

In fact，in 2003，Ha,nsen and M6lot【52]studied the relation of R(T)and
the number of pendent vertices．In『52】，the authors introduced two classes of

chemical trees Le(礼，n1)and U(钆，死1)(see Chapter 2)．Two theorems are stated

as follows：

Theorem 1．3．1(Hansen and M610t，【52])Let T be口chemical tree ol order

礼with钆1≥5 pendent vertices．Then

即，≥兰+≥(击一1)+兰一以， ∽3∞

埘统equality谚and Dn冶谚n1话删帆andT ts isomorpMc to Le@，n1)．

Theorem 1．3．2(Hansen and M6lot，[52】)二et T be a chemical tree of order

佗with仡1≥3 pendent vertices．Then

R(T)≤警一面n-，
where a'o={一击一赤≈0．0513，with eg让。屁匆if 8nd only矿T is isomorphic to

v(n，n1)．

However，we fmmd some mistakes in their proofs．In Chapter 2，we will give

the corrected proofs．

7



Chapter 1．Introduction and Historical Notes

1．3．2 Randid index and the minimum degree

In 1988，Shearer proved R(G)≥瓶／2 if占(G)≥1．A few months later Alon

improved this bound to何一8．Bollob缸and ErdSs[14】proved that among all

gr印hs of order佗with 6(G)≥1，the star＆attains the minimum P沮ndid index

扔再1．Bollob五s and ErdSs asked for the minimum value of the Randid index

for graphs with given minimum degree．Delorme，Favaron and Rautenbach[32]
gave an answer of k=2 and proposed the following conjecture．

Conjecture 1．3．3(Delorme，Favaron and Rautenbach，【32])Let G=(V E)
be a graph ol order n with 6(G)≥k．Then

即，≥蔫苦+(耋)
with equality矿and only il G=雄，n却where磁舻南is a graph obtained加m a

complete bipartite graph j屯m一凫by joining each pair ol vertices in the part with k

vertices by a new edge．

In【3]Aouchiche and Hansen found examples showing that the conjecture is

not true，and gave a modified form．In Chapter 3，we will consider Conjecture

1．3．3．．We verify this conjecture for k=3，which can easily lead to the conclusion

that the inequality of the conjecture holds for all chemical graphs．Furthermore，

we prove that for k≥4，the conjecture is true for any graph of order竹≥3k3．

1．3．3 Randid index and the chromatic number，the radius

Caporossi and Hansen【2l】proposed the following conjecture on the relation

between Randid index and the chromatic number，which is also referred in【62]．
In the first part of Chapter 4，we will give a positive proof to Conjecture 1．3．4．

Conjecture 1．3．4(Caporossi and Hansen，【21])For any connected graph G

of order n≥2 with chromatic number X(a)and Randid index冗(G)，

R(C)≥ Tx(a)-2+志12 。、／元一 (x／—X(C)—-1+n-x(C))．
Moreover,the bound is sharp for all礼and 2≤X(a)≤n．

8



Chapter 1．Introduction and Historical Notes

In[38】，Fajtlowicz proposed the following conjecture on the relation between

the Randid index and the radius，which is also referred in[62]．

Conjecture 1．3．5(Fajtlowicz，[3S])For any connected graph G，

R(G)≥r(a)一1，

where r(G)denotes the radius吖G．

Caporossi and Hansen[21】proved that for all trees T，R(T)≥r(T)+以一2，
and for trees T except even paths，R(T)≥r∽)．In[76]，the conjecture is verified

for unicyclic graphs，bicyclic graphs and connected graphs of order n≤9 with

6(G)2 2．Recently,You and Liu[98】proved that the conjecture is true for

biregular graphs，tricyclic graphs and connected graphs of order n≤10．

In the second part of Chapter 4，we will prove that for any connected graph

G of order n with minimum degree 6(G)，the conjecture holds for 6(G)≥詈and
礼2 25，furthermore，for any arbitrary real number 0<￡<l，if 6(G)≥gn，

Conjecture 1．3．5 holds for sufficiently large礼．

1．3．4 The zeroth-order(general)Randid index

It should be noted that the zeroth-order general Randi6 index is sometimes

referred to as“the general first Zagreb index'’[81，101]，in view of the fact that

∑(d(“))2 is sometimes called“the first Zagreb index'’．For口=-1，it is also
t‘

called‘the inverse degree'’，sometimes denoted by“，(G)”(see【36，38，79】)．

In fact，there are many researches on this index，which has many useful appli-

cations in information theory and network rehabihty,and received considerable

attentions also in graph theory(See【1，11，12，26，31，80，88】)．

Pavlovid[83】determined the sharp upper bound of the zeroth-order Randid

index o凰of(n，m)-graphs．In[72】Li and Zhao gave the sharp upper and lower

bounds of o吼of trees，with the exponent Q equal to m，一m，鬲1 and一磊1，where

m 2 2 is an integer．Later，Li and Zheng【74]gave an alternative proof for

general real number Q．Zhang and Zhang【101】determined the sharp upper mad

9



lower bounds of oRQ of unicychc graphs，while Zhang，Wang and Cheng【100]

determined the sharp upper and lower bounds of bicyclic graphs．In【55，66]，the

authors considered the extremal values of o吼for the connected(n，m)一graphs．

And they gave the sharp lower bound of o凰for口<0 or Q>1，and the sharp

upper bound of o吼for口<1．There are also some gaps·

For chemical trees，Li and Zhao【72]determined the sharp and lower bounds

of o吼f缸any a．In Chapter 5，we will investigate the zeroth—order general

Randi6 index for chemical(竹，m)一graphs，i．e．，connected simple graphs with佗

vertices．m edges and maximum degree a，t most 4．We will give the sharp upper

and lower bounds of oRa for any口．

1．3．5 The inverse degree and the diameter

We denote the inverse degree oR—l(a)by J(G)．There is a Graffiti conjecture

u(a)≤i(a)(see【38，41])，where u(a)is the average distance of G．However，

the conjecture was refuted by ErdSs，Pach and Spencer in【36]．They proved that，

if G is a connected graph of order礼and I(G)≥3，then

(兰呐⋯(1))器纠V)叫V)<(6r+o(1)) log扎

loglog佗’

where u(n，r)=max{u(a)：J(G)≤r>and D(n，r)=max{D(G)：

Dankelmann et a1．【30]improved the upper bound by a factor of 2，

，(G)≤r)．

D(G)≤(3，(G)+2+。(1))面lo面gn ，

which is also all upper bound on the average distance since p(G)≤D(G)．

In Chapter 6，we will give the sharp upper bounds for trees and unicycfic

graphs，which improve the above upper bound by a factor of approximately

4．．—军坠．We show that for atree Toforder钆
5 loglogn

D(T)≤—3n—-—21—(T—)—+—1—-—V／—41—(T—)2_-广(4—n—-—4)—I(—T)—+—n—2-—2一n-7，
while for a unicycfic graph G of order钆

D(G)≤—3n—-—2—I(G—)—-—1—-—v／—4I—(G—)2—-丁(4—n—-—12—)I—(G—)—+—n2—-—6一n+1．
10



Chapter 2

Randi6 Index and the Number of

Pendent瞻rtices of Chemical Trees

In this chapter，we point out the mistakes in the proofs of two theorems in

the paper of Hansen and M610t，in which they studied the relation of the Randi6

index and the number of pendent vertices of chemical trees．We present the

corrected proofs．

2．1 Bounds of Hansen and M6lot

The Randid index n(o)of a graph G，also called the connecti、，ity index，was

introduced by the chemist Randi6 under the nanqe“the branching index”in 1975

as the suin of 1／、／d(u)d(v)over all edges让口of G，where d(u)denotes the degree

of a vertex u in G，i．e．，

即)=，薹丽丽1E V

’

tⅢ∈ ”＼”，”＼。，

A vertex of degree 1 is called a tea／vertex(or simply,a leaf)，sometimes is also

called a pendent vertex．

As an important class of trees，trees with a given number of pendent vertices

are considered frequently,for details see[52，69，73，97，99]．

In 2003，Hansen and M6lot【s2]studied the relation of R(T)and the number

of pendent vertices．In【52]，the authors introduced two classes of chemical trees

Le(竹，n1)and u(n，n1)，which were founded by the system AutoGraphix似GX)

11



Chapter 2．Randid Index and the Number of Pendent Vertices of Chemical Trees

of Caporossi and Hansen(further papers describing mathematical applications of

AGX are in[2]，【ls]，【19]，【21]，【221)．

一 一

● ●

一 一

● ●

一 一

● I

Figure 2．1：Structure of Le(钆，佗1)．

The structure of Le(n，n1)(nl is even)is depicted in Figure 2．1．These trees

are composed by subgraphs which are the stars&and these stars al'e connected

by paths(the dotted lines in the figure)，for which the lengths can be zero．The

configuration is complete if n≥9 and 6≤佗l≤11n+r3j(and even)．

We can compute R(Le(n，n1))．We see in Figure 2．1 that L。(死，佗1)is formed

by字stars＆．This chemical tree has nl pendent edges of weight石1，佗1—4

edges between the centers of the stars and the paths joining these stars of weight

击．The other edges are on the paths between the stars and have a weight of互1

also． Since any tree has佗一1 edges，there are佗一2n1+3 edges of this type

(and SO 721 has to be less than or equal to【幽2 J)．Thus，the Randid index of tree

Le(礼，死1)is

n(Le(叩1))=虿721+丽721--4+半
=互72+詈(去一1)+兰一讵．2互+i I、砺_1 P互一、／2·

The tree U(n，n1)has a subgraph of钆1—2 vertices of degree 3 which is a

tree；we denote its vertex set by K．In Figure 2．2，the vertices of K are on a

path，but in general case this may be different．All these vertices are connected

to another vertex of％or to a path of length at least 2．The number of paths

a|C1jacent to the vertices of％is I％I+2，and the number of vertices of degree 2

is扎一2nl+2．This configuration is complete if n≥7 and 3≤扎1≤I下n+2 I．

12
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Figure 2．2：Structure of v(n，扎1)

We call compute R(U(n，n1))．We see in Figure 2．2 that(，(n，n1)has nl

pendent edges of weight去，钆l edges connecting paths and the vertices of％of

weight孺1，nl一3 edges joining the vertices of K of weight百1．The n3nl+2 other

edges are the inner edges of the paths(the dotted lines)of weight互1(and thus

nl≤【学J)．So，the Randi6 index of u(礼，n1)is

即(叫)=三机(去+丽1一吾)．
The paper[52]contains 8 theorems，2 propositions，2 coronaries and 1 lemma，

in which many results were mentioned．Two theorems are stated as follows：

Theorem 2．1．1(Theorem 8，[52])Let T be a chemical tree盯order礼with

钆1≥5 pendent vertices．Then

即)≥互n十罟(击一1)+耋一扼 (2．u)

w／th equality矿and only矿几l is even and T is isomorphic to Le(礼，n1)．

In the proof of Theorem 8 of【52J，expression【2 1)：

R(T一掣z)≥互n+警(击一1)+耋一讵+互1一砺1
Was mis-calculated and should be

即咱蚴2互n+≥(击一1)+耋一以一砺1．
Then combining expressions(21)and(22)there：

R(T)一R(T一御-"2)≥互3一丽2一丽1+丽1，
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冗(印≥考+詈(击一1)+兰一讵+兰一丽2一丽1．
But，this time we have

3 2 1 ．

一2丽一丽<0，
which does not lead to the proof of the theorem．

Although we find mistakes in their proof,we still believe that the theorem is

true．In Section 2．2，we will give the corrected proof．

Theorem 2．1．2(Theorem 10，[52】)Let T be a chemical tree ol order n with

佗1≥3 pendent vertices．Then

R(T)s兰一。瓶
where

％=丢一砺1一丽1~0．0513
with equality矿and only铲T is isomorphic to V(n，竹1)．

In the proof of Theorem 10 of【52]，one Call not obtain expression(58)：11；23一

X13=竹1，since by(54)：X22=竹一；(5他1+X23一X13)+2+n4，we only have

that 5nx+X23一X13 is even for all礼l，i．e．，X23一X13 has the s&me parity猫诧1，

or x23一x13=n1+2k，but not X23一X13=(2k+1)na．Note that the last two

expressions afe not equivalent．

However，the upper bound in Theorem 2．1．2 is sharp for竹≥3nl一2 but not

for n<3nl一2．Thus．Theorem 2．1．2 121113．be modified as follows．

Theorem 2．1．3 Let 7’be a chemicaf tree ol order礼t抛纨礼1≥3 pendent口enoCe8

satisfying that n≥3nl一2．Then

冗(T)≤罢一％n1，
砒ere

以：罢一与一，1≈0．0513
％2石一砺一了吞≈

砸th equality铲and only i，T is isomorphic to矿(n，n1)．

In Section 2．3．we will give the proof of Theorem 2．1．3．
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2．2 Corrected proof of Theorem 2．1．1

Our proof is shorter，and 11ses linear programming approach，which is widely

used in chemical graph theory．

Let T be a chemical tree of order佗with nl pendent vertices．Denote by z巧

the number of edges joining the vertices of degrees i and J，and佻the number of

vertices of degree i in G．Thus，there is another description for the Randi6 index

of T．

R(T)=∑
1Si<j≤4

xij

厕 (2．2。1)

Note that Xll=0 whenever佗≥3，and therefore the case i=j『=1 needs not

be considered any further．Consequently,the right-hand side of(2．2．1)is a linear

function of the following nine variables X12，X13，X14，X22，X23，X24，X33，X34，z44．

Firstly,

钆1+钆2+扎3+Tt4 5钆． (2．2。2)

Counting the edges terminating at vertices of degree i(i=1，2，3，4)，we obtain

Z12+X13+X14 2
nl

z12+2X22+X23+X24=2n2

X13+X23+2x3a+X34 2 3n3

X14+X24+z34-4-2x4a 2 4n4．

Another linearly independent relation of this kind is

nl+2n2+3n3+4n4=2(n一1)

Now we will solve the linear programming

min R(T)=

with constraints(2．2．2)一(2．2．7)．

By elementary calculations，we have

∑
lSi!g≤4

Z巧

何

(2．2．3)

(2．2．4)

(2．2．5)

(2．2．6)

(2．2．7)

z=翌掣一百1z。2+石1213+互1z，4一§122。+1+§222 X33 z34+X44(2．2．8)z 2———1r一一百z12+石z13+互z14一§z23+ +§z34+ 【2·2·苎)

z24=2711--4一詈X13--X14--昙X23--詈X33兰z弘一2z钒 c2．2．9)
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Substituting(2．2．8)and(2．2．9)into(2．2．1)，we have

where

R(G)= "}-C12X12"卜C13X13 Jr"C14X14
4

+C23X23+C33X33+C34X34+a44x44

C12

C13

C14

C23

C33

C34

C“

1|q2—1／4≈0．45711

1／~／3+1／12一、／2／6≈o．42498

3／4—1／~／8≈0．39645

l／、／6—1／6一、／2／6≈o．00588

1／2一v／2／3≈o．02860

l／、／12+1／3—5v互／12≈o．03275

3／4—1 l～2≈0．04289．

(2．2．10)

Because all coefficients％on the right-hand side of(2．2．10)are positive-valued，

it is clear that for fixed竹and nl，R(T)will be minimum if the parameters X12，

X13，X14，X23，X33，X34 and X44 are all equal to zero(provided this is possible)．
However，a tree must have at least two pendent vertices，and SO we have

X12+X13+X14>0． (2．2．11)

Since C14<C13<C12，considering the minimum of R(T)，the best solution of

(2．2．11)is that all pendent vertices are adjacent to vertices with degree 4，i．e．，

X14
2

n1．

Thus，we get

即)≥塑堕{世型+(差一去)n-
奠2+竺2(去一1、／+蔓2扼，＼讵1’ ～’

equality holds if and only if X12 2 X13=X23=X33=X34=X44=0，X14 2 n1 and

n3=0．The proof is complete． _
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2．3 Proof of Theorem 2．1．3

The proof of our result is carried out mainly by the following lemma【20]．

Lemma 2．3．1(Caporossi et a1．，【20])Let G be a connected graph with n vet-

tices．Then

where

如r e=伽．

R(G)=兰

州=三

∑u+(e)，
eeE(G)

以丽∥丽夕
I

In fact，it Can be considered as another expression of the Randi6 index．It is

important to notice that，the weight u+of edges which connected the two vertices

with the equal degree is zero．

A path VlV2⋯％一lVs is called a pendent path，if d(vx)=1，d(v日)≥3 and

d(v2)=⋯=d(vs一1)=2．

Lemma 2．3．2 Let T be the chemicaZ tree which attains the maximum Randid

index among all chemical trees oy order n with nl m1≥3J pendent vertices．For

each V∈y(T)，矿d(v)=2，then V must be on a pendent path．

Pm西By contradiction．Let V∈V(T)and d(v)寻2．Suppose口is not on any
pendent path．There must be a path VlV2⋯VsVWt⋯W2Wl(S≥1 and t≥1)
such that d(V1)=P≥3，d(w1)=q≥3 and d(v2)=⋯=d(％)=d(wt)=⋯=

d(w2)=2．Let z be a pendent vertex ofT and Y its neighbor with d(y)=l≥2．
Let T7=T—VlV2一W2W1+VlWl+XV2．Then r is also a tree with n vertices

and n1 pendent vertices．W．e have

R(T)一R(T7)=而1+而1
1 l l 1

+丽一了面一了面一了零

=(丽1一砺1)(砺1一击)+(去一1)(砺1一万1)<。，
17
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a contradiction．

Now we are at the point to give the proof of Theorem 2．1．3．

●

Proo／．Let Tbe a chemical tree of order n with nl(nl≥3)pendent vertices．By

Lemma 2．3．2．we assuine that all vertices of T with degree two are on pendent

paths，then X12=X23+X24．Note that X12+X13+X14=nl，and by Lemma 2．3．1，

R(T) 号一芝二u。e)
eel(T)

nn 1(1一去)2牝一水一击)2础+(1一》4 l
一三[(击一去)2蚴+(击一．2X24]一：1(1亏一三)2 z弘

互n一互1(1一去)2阮一三(1一击)2 cXl3-一-X14，

一三(击一去)2 cX23"一-X24，

三一三l(1一击)2+(击一去)2 l钆
一三(1一击)2 cXl3"卜X14，

善一三[(1一击)2牟(．击一去)2]扎。
+三[(1一击)2+(击一去)2一(1一击)2(X13"-|-X14，
n．(3以+锯一7)佗1
2。 6

<一n+(璺丝±丝二12兰!—一
2’ 6

—1-砺1)(砺1一丽1) (X13+X14)

The equality holds if all the equalities in the above inequalities hold．Thus X13=

X14=X24=z34=0．Then X44=0 since T is a tree．The proof is complete． ●
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Chapter 3

Randid Index and the Minimum Degree

In this chapter，we will consider the relation between the Randi6 index and

the minimum degree．

3．1 Introduction

In 1988，Shearer proved if G has no isolated vertices then R(G)≥俐2．It is

the first proof that Randi6 index goes to infinity together with n．A few months

later Alon improved this bound to何一8(see[40】)．In 1998，Bollob血s and

ErdSs f141 proved that the Randid index of a graph G of order n without isolated

vertices is at least圻再1，with equality if and only if G is a star．Bollob氲s and

ErdSs asked for the minimum value of the Randi6 index for graph8 with given

minimum degree 6(G)．In 2002，Delorme，Favaron and Rautenbach【32】gave the

following conjecture：

Conjecture 3．1．1(Delorme，Favaron and Rautenbach，【a2])Let G=(K E)
be a graph巧order死with 6(G)≥k．Then

即)≥丽k(n葡-k)+(耋)土n 1

with equality矿and onZy矿G=姹舻七，where雄胪七is obtained加m a complete

bipartite graph Kkm—k by joining each pair Dj vertices in the part with k vertices

by a new edge．



At the same time，they showed that the conjecture is true for k=2．Using

the linear programming，Pavlovi6【s4]verified the conjecture for the case of k=2．

In【3】Aouchiche and Hansen found examples showing that the conjecture is not

true，and gave a modified form．There are many researches about this co啦ture，
such as f77，84，85，s6]．

In this chapter，by using the linear programming we verify this conjecture
for k=3，which Can easily lead to the conclusion that the inequality of the

conjecture holds for all chemical graphs，i．e．，graphs with maximum degree at

most 4．Furthermore，we prove that for k≥4，the conjecture is true for any

graph oforder礼≥l尼3．
Denote by Xi,j the number of edges joining the vertices of degrees i and J．

3．2 Some Lemmas and elementary results

Lemma 3．2．1(Bollob&s and ErdSs，[14])Let XlX2 be an edge with the max-

imum weight in a graph C，then

R(C—XlX2)<R(G)．

Lemma 3．2．2 Let G be the graph with the minimum Randid index among all

simple graphs with order礼and the minimum degree 6≥k≥2．Then the

minimum d留ree o／G must be k．

Proo／．Suppose 6(G)>k，we coustruct a new graph G7 from G by deleting all

edge of maximum weight of G．It is easy to see 6(G，)≥k．By Lemma 3．2．1，we

have R(C7)<R(G)，contradicting to the choice of G．Thus，6(G)=k． -

From Lemma 3．2．2，we can rewrite Conjecture 3．1．1 as the following equiva-

lent form，and consider Conjecture 3．2．1 only in the sequel．

Conjecture 3．2．1 Let G=(V E)be a graph of order n with 6(G)=k．Then

即，≥蔫苦+(耋)击
20
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with equality矿and only妒G=雄俨奄，where磁加知is obtained from a complete

bipartite graph j“．n一七by joining each pair of vertices in the part with k vertices

by a new edge．

Lemma 3．2．3 Let k，P，n be nonnegative integers，yor k≥4，0≤P≤k一1 and

n≥；％3，加e have

(t)．g(k，P，佗)=(k—p)·(型k 一墼v／k(n型-2)+志一焘)>。；＼、——。诉研识再了研／～’
∞)口(咖川2两1+瓦F≤鲁丽南一再善莉，

(而P葡+瓦鑫糖‰面+稿)>。；
∞¨㈣舯，=墨一㈤击+筹)+鼎·(笺舞+器+堕x／些k(n-幽2))>。．＼诉研’识再可万习。——／『～‘

m西(i)Let 91(知，p，礼)=型掣夕(七，p，礼)，i．e．，
gl(k，P，他)----(n+k一2p一2)、／(佗一1)(礼一2)-

2(n—P一2)~／七(礼一1)+2pV／k(n一2)一2pk．

Since

TOgl(k,p,n)=一而j(而j一瓶)一何互(何1一瓜)一2庇，∥p ＼ ／ ＼ ／

gl(k，P，佗)is a strict decreasing function in P when扎≥；忌3 and k≥4．And then

gl(k，P，佗)>gl(k，k，竹)

=(竹一七一2)而j(何习一2叫+2尼娠(而习一娠)>o，
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since when几≥；艮3 and k≥4，

川硒一娠>厕一瓶>0．
Then g(k，P，n)>0．

(ii)Let

al(k，P，佗)=(佗一2)(佗+k一2p一2)(佗-p一2)、／伍万-=可a(k，P，礼)，

i⋯e

al(k，P，佗)=(n+k一2p一2)(仃--p一2)、／佤百币
+助(铊+k一2p一2)v／—k(佗-—2)一2p(铊一2)(佗一P～2)．
一2p(k-p)、／佤i两一2(k—p)(礼一P一2)、／，ii=1万万_二酉．

al(k，P，n)

>(仡+k一2p一2)(竹一p一2)、／伍石■=万+2p(n+k一2p一2)v／-k(n-2)’

一2p(n一1)(几一P一2)一2p(k—p)、／7i丽一2(k—p)(礼一P一2)(佗一1)
=(礼一p一2)((钆+尼一2)、／佤石_二酉一2k(n～1))
>(礼一p一2)(竹一1)派(而习一镢)>o，

since when咒≥；％3 and k≥4，、／丽-=刁一2、／石>0．So a(k，P，佗)>0．

(iii)Let

sl(k，P，n)=(n一1)(札+k一2p一2)v／—k(n—-2)s(k，P，n)，
we have

Sl(k，P，竹)

=2)(n+k-2p一2)、∥可诵十p(佗一p)(n-p-2)、／／ii=1万万-=可
+p(尼一p)(礼-p)、／佤五f二可+(n—P一2)(七一p)(n—p)(儿一1)

一(k)(n+k-助一2)v／—k(n—-2)
一k(n一七)(死+k一2p一2)J—(．-1—)(n-2)。．
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s1(后，p，n)>—v／—k(nF-2)．
囟(p—1)(礼+k一2p一2)+2p(k—p)(钆一P)一后(尼一1)(佗+k一2p一2)】

+防(佗-p)(n—P一2)一七(n一七)(礼+k一2p一2)]、／气i=1了石i=可

+(佗一1)(竹一p)(艮一p)(佗一P一2)

：—(k—-——p—)v芍／k—(—n—-一2)[(p+1一后)佗+pk+3k一2一七2]
+(七一p)[一扎2+2n(p+1)一P2一p七一2k一2p+ks】、／币i二1灭两
+(死一1)(佗一p)(尾-p)(n—P一2)．

Since when 0≤P≤k～1 and扎≥i七3，

一扎2+2佗p+1)_p2_p南一2k一2p+k2<o and、／气元二_巧虿F二酉≤—2n__-一3，

then we have

sl(k，P，n)

≥—(k—-——p)—v芍／k—(—n—-一2)[(p+1一恐)礼+pk+3k一2一忌2]+(k-v)．

((一佗2+2扎∞+1)_p2一p七一2k一2p+k2)望之i皇+
(礼一1)(％一p)(佗一P一2))

‘

_

：生掣b2+2(k2-p七一2七一p一1)n-3k2+3pk+6k+p2+2p
+珏+1一尼)n+pk+3k一2一七2)、／伍石_二司

>掣卜2+2(k2埘一2k叫n一3kn+(勘印)恻
=坠磐卜而蜥何邓死埘)饲．

Let t(n，后)=(佗、／瓦一9kv'-元)2一((kn+忌2)、／砷2：扎3一(后3+18k)仃2+(Slk2—
2k4)n—k5．Since佗≥；七3，

下Ot(n,k)：3佗2—2k(k：+18)扎一知2(2七2—81)>o，
o'n

’ ’

then when k≥6，

蛳)>亡(兰k3,k)划(罟n 827k2+T241)>o，



which implies s(k，P，n)>0 for k≥6．

For the cases of k=4 and 5，we cail verify that when 0≤P≤k一1 and

钆≥；k3，s(k，P，佗)>0 by considering all possible value8 of p． ·

3．3 Some approaches to Conjecture 3．2．1

Let G be a simple graph oforder佗with 6(G)=k≥3．At first，we will give

some linear equalities．Mathematical description of the problem is as foUows：

subject to：

rain R(a)=

2Xk，南+Xk，k+l+Xk，南+2+

Xk+l，七+2xk+l，k+l+盘‰+1，％+2+

Xk+2，k+Xk+2，k+l+2Xk+2．k+2-}’

zn—l，知+Xn一1，k+l+2n一1，奄+2+

∑
k<t<凡一1
t：gSn—l

Xi,j

诵

+Xk,n--1
2 knk

+Xk+l，n一1=(忌+1)nk+1

+。七十2，n一1=(％+2)nk+2

(3．3．1)

+2x札～1，。一1=(7z一1)竹竹一1

死七十nk+l+nk+2+⋯+nn一1 2竹． (3．3．2)

These constraints do not completely determine the problem．In order to

have a better description for this problem we have to add the next constraint8：

2i，n-1 2佗i7k一1 for z=k，忌+1，⋯，n-2 and zn一1，n一1=(’_f1)，which much more

complicate the problem．Now the problem becomes a quadratic programming．
To avoid the complexity of these quadratic inequalities，we而n eoIlsider au the

possible values of‰一1 and solve the problem．

We only consider the ease of k≤死～2，since the graph is unique when

％=n一1．



Theorem 3．3．1 For o given minimum degree 6(G)=七≥4，the conjecture is

讹e whe扎the order o／the graph n≥2 k3．That is，Ior n given minimum degree

6(G)=k≥4 and n≥；忌3，we have

RcG，≥湍+(主)
with equality矿and only矿G is口graph with礼七=n—k，nn一1

2 k，nkq-1
2⋯2

竹n一2：0，z知，n一1=k(n一惫)，Xn--1,n--1=(!)and all other ziJ and Xi，i being

equal to 0，1．e．，G型雄．铲知．

砌西Since the minimum degree is七，we have‰一1 S k．So，We will consider

two cases：‰一1：％and‰一1=p，where P is all integer such that O S p S毙一1·

Let G be a耵aph with ordern and占(G)=k≥4．Denote G by G‘‘’if‰一1(G)=

i(江0，1⋯．，后)．Let R(‘)=n(G‘‘’)．

Case 1：nn一1
5 k

s骶甄m一1：kni for i：庇，k+l，⋯，住一2 and x饥一l冉一l=(：)，the constraints

in(3．3．1)become：

纺，七十⋯+巧√一l+2巧，歹+xj,j+x+⋯+％，n一2=◇一南)吩，

for J=k，k+1，⋯，n一2．Then we have

R(埘=∑
知<i<n一1

i≤J≤伸～1

盟：
厕

n一2

而kn葡y 1+f，＼忌2、／击怕∽一) 竹一l

(苏+．．．+湍+而2Xj,j十耥+．．．+丽Xj,n葡-2)
2刍n-2丽knj+(耋)击

2v／-ff-Z-工

2v／-ff-Z-工

∑n-2(以+南)％∑(以+南)％
j=k、

’。7

(娠+砺k) nk+
2“再1 ∑(以+南)．

--．k-l-I、
’。7

∑触

础∑滞1—2
斗

伸∑触1—2
+

+

+

l一一

l一一

艮2

后2

／

＼

／．一／

II

II
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By substituting nk 2礼一k一(礼七+1+nk+2+⋯+‰一2)into the last equality,we

have

胪，≥(耋)击+]v伍(百n-k)+ 2x／-万-Z-T

n一2

∑
j=k+l

(锕+砺k一2q
Since

砺+砺k一2讥>2娠一2娠=。
for k+1≤ji≤n一2，this function attains the minimum for％=0，j『=

k+1，k+2，⋯，n一2．Therefore，when nn—l=k，the minimum value of the

Randi6 index is

删二(k2)11+丽v佤(n-k)．
The extremal graph must have nk=佗一k，n七+1 2 nk+2=⋯=佗几一2=0，

nn-1=k，％佗一l=k(n一尼)，Xn-1舻1=(：)and all other Xi,j and Xi，‘are equal

to 0，i．e．，G=K；．仃一七．

Case 2：‰一1=P(0≤P≤后一1)

By substituting z{，n—l=p佗t for i=k，k+1，⋯，n一2 and Xn-1，n一1=(：)(if
P=0，1，G)=0)into the constraints in(3．3．1)，they become(3．3．3)

●

2xk，七十Xk，k+l+Xk，忌+2+⋯+Xk，n一2=(七一p)nk

Xk+l，知+2xk+l，k+l+Xk+l，k+2-[-⋯"kXk+l，n一2=(k+1一p)nk+l

茁知+2，七+Xk+2，k+l+2Xk+2，七+2+
⋯ -nt-Xk+2，n一2=(k+2一p)nk+2

； (3．3．3)

Xn一2，后-t-Xn一2，k+l+X佗一2，k+2q-
⋯

+2x他一2，n一2 2(n一2一p)nn一2

Since nn—l=P，equality(3．3．2)becomes(3．3．4)

nk+nk+l+n知+2+⋯+‰一2=竹一P． (3．3．4)

We have the next problem：minimize R(p)subject to(3．3．3)and(3．3．4)．It is

easy to express ni for i=k+1，k+2，⋯，仡一3丘om the constraints in(3．3．3)as
follows

。． 奶，七+⋯+戤J—l+2xi，i+翰，i+l+⋯+娩,n--2
礼i=——二-———————————————————_=————————二．——————————————一

z—P
(3．3．5)
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Using the first and the last constraint of(3．3．3)，(3．3．4)and constraint(3．3．5)，

by some calculations，we can obtain

一譬盛掣+禹一J霎。高离一ME啄棚(等+等)尚，‘
啪=篇一知量3(篝+再k-p)南

一；薹。(鲁一1)尚+尚，％棚=号裂掣掣一薹箨篇‰歹一M三一2(普+等)器．

(3．3．6)

(3．3．7)

(3．3．8)

By substituting Xi加1=phi(i=k，k十1⋯．，扎一2)，Xn_1'铲1=(；)，(3．3．5)，
(3．3．6)，(3．3．7)and(3．3．8)into R∽，we have

n-3

R∽=丽+Eak,jXk,j+ ∑ ai,jxi,j

歹=磨缸}1Si≤几一2
t<j<n--2

where

and

丽=墨+而南．(p丽(n-而p-2)+蔫+与牿铲)
％=南一志·籍i-p j-p一赢·害亳

凫一P学+霄．焉．南
J—k(n—-2)钆+k一2p一2’、／仨万两。、／5石F二可’

27
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We will prove that all functions aid are nonnegative for corresponding i and j．

then

f(i，J)=(礼+k一劬一2)“一p)0一p)aij，

邢∽=丛堕号哑必一止焉等P
p(k—p)(t+J一2p) (k—p)(竹一P一2)({+歹一印)

√(n一1)(佗一2) 、／忌(n一2)

。p(n+k一2p一2)0一P)。p(n+k一2p一2)0一P)

、／i(佗一1)4j(n一1)

胁have

帆州孵丛号铲幽(尚一等)
≤丛堕4,型／y5蚴(志一等)＼一I——======一————=●I一 ＼、／他一1 、／t／

≤型瓮铲幽(击一2西)一 4、／歹5 ＼~／死一1 ⋯1／

=丛号铲幽·器("Ivt／俪一2丽)<o，：=：⋯I ^f1一Z、，钉一l l<：I-

4以5 √佗一1”1
’

7 7

since专挚=诉十笔≥2~／筇and礼一1>k>P．Thus，f(i，歹)is concave in歹．

We have to check that n{，t and ai，n一2 are nonnegative in order to conclude that

ai,j≥0 for k≤i≤佗一2 and i≤歹≤佗一2．Let

then

g(i，P，礼)=(礼+k一2p一2)@一p)ai，i’

鲋m班丛譬掣型一丽2p(,z-p-2)一器
2(k—p)(n—P一2)．2p(n+k一2p一2)

、／庇(n一2) v／i(n一1)

Wb have

堂趔=堕≤幽10i (去一志)>。，一：=：⋯一I )I，．

痧 ＼、以撕再_I／『7Ⅵ

28
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then for i≥k，g(i，P，佗)≥g(k，P，佗)，where

9(k，P，礼)

=c后一p，(兰二半一鬻+了孺南一了戈斋)．
By Lemma 3．2．3(i)，for k≥4，0≤P≤七一1 and死≥；麾3，we have g(k，P，佗)>0，
then ai．f>0．

Let

q(i，P，佗)=(钆+k一印一2)q—p)ai，n一2，

then

如m垆盟杀嚣型一与a装(n学1、／L礼一z)o 、／ 一)

p(七一p+警掣)(k-p)(扎一印一2+i)抓而了翮铆翮
．p(n+k一2p一2)．p(n十k一2p一2)(i—P)

~／(扎一1)i 。(佗一P一2)、／(n一1)(n一2)

Since ‰p㈠膨一掣
and q(k，P，n)=0，we only need to prove

(丽i+3p一斋)<。，＼圻再巧丽／一’
1 2p 2

‰_2’铲2 2而+万；了瓦丽i丽一再百丽
·p司+再高舅‰面+赤与)独

By Lemma 3．2．3(ii)，for k≥4，0≤P≤七一1 and竹≥；驴，we have an一2，n一2>0，

then ai,n-2>0．

Since ai,j≥0 for k≤i≤佗一2 and i≤J≤扎一2，then R(p)attains

the minimum if we put Xk,j=0 for J=k，k+1，⋯，佗一3 and Xi,j=0 for

k+1≤i≤死一2，i≤J≤n一2．The minimum value is R(p)and

佻=％搿，nn_2筹削，～确m=。
29
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for i=k+l，⋯，扎一3．This solution may not correspond to any graph，and the

real graphical solution R+(P)≥丽．Now we only need to show that丽≥R+(舢．
Let

s(七m哟=丽坷㈤=堕n--i+而南．
／p(n—P一2)．p(k—P) ．(七一p)(礼一P一2)＼＼狐研。识再可丽。∥两／
一㈦击+等)．

By Lemma 3．2．3(iii)，for k≥4，0≤P≤k-1 and礼≥2忌3，we have s(k，P，佗)>0．
The proof is thus complete． 一

Theorem 3．3．2 Let G be a simple graph oy order竹with minimum degree k=3．

Then we have

RcG，≥湍+(32)11，
with equality矿and only矿G=蜒m一南．

Proof．By the proof of Theorem 3．3．1．we only need to prove the inequalities

g(k，P，n)≥0，an一2，仲一2≥0 and s(k，P，礼)≥0 for七=3 and 0≤P≤2．In the

following we only consider n≥6，since the graph with 4 vertices and k=3 is

unique，the number of graphs with 5 vertices and k=3 are only two(See Figure

3．11．Now we consider all the possible values of P．

Case 1：P=0

Wb have

们，o，佗)--n+l一黼冽3，0'6)>。；
an-2,n-2=高一两熹两=志(南一篇卜2而一瓦面丽两面2万i k而i一而尸∽
s(3，0，n)=

锯钆(几一1)、／丽=巧一3(n+1)一怕(礼一3)(竹+1)、／而
∽+1)∽一1)

‘

30
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s0(n)=Jin(n一1)4元-2—3(n+1)一锈(死一3)(佗+1)v丽-1’

=佤((n—1)而习一钙一(竹一2)而刁+3钙何j-3．
By simple calculation，we‘can prove that 3钷、／而一3>0 and(n一1)v伍-2一
、／否一(佗一2)v伍-I’>0 for n≥14，i．e．，so(n)≥0 for礼≥14．We can directly

verify that s0(n)≥0 for 6≤他≤13．

Case 2：P=1

Wb have

g(3，l，n)=
2x／-n--A-1((佗一1)、／丽_=巧一2怕(礼一3))

For佗≥6，we have、／冠一罐>0．Let
gl(n)=(佗一1)v石-2—2v§(n一3)，

斫(扎)=砺1罚+耋佣一2以>习雨1>。
for n≥9，then gl(n)is a strictly increasing function in死≥9． So gl(n)>
91(9)=8锕一12怕>0．By some calculations we obtain that g(3，1，n)>0 for

6≤钆≤8．

1 2 ／， 1 2 、 2
an-2,n-2 5～n-2 v信(n-1)L万i+了雨夕+瓦面丽i丽

≥高一南·高=击(南一箸)．￡而一丽矿可。了雨2了雨I丽司一而厂
For钆≥12，了家1雹一象篝>0，i．e．，Q％一2，n一2>0．For smaller n，we can verify it

easily．

Let sl(n)=钷(亿一1)问s(3，1，佗)，i．e．，
s，(礼)=-2(n一3)、／气i=_巧石-=酉+2锯、／而+2(n一3)(死一1)一3锈、／冠．
By some calculations，we have

s-(礼)>2(n一3)(佗一1一诉再雨两)一锯俩>厕[石习(礼一1一而j丽面)一1]>o，
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since 2(n一3)>、／§(n一2)and、／嗣(礼一1一、／(礼一1)(札一2))一1>0 for

佗≥10．Thus，s(3，1，n)>0 for礼≥10．We can directly verify that s(3，1，佗)≥0

for 6≤佗≤9．

Case 3：P=2

Suppose n≥8．We have

g(a，2，n)=

>

(他一3)、／气石=_巧百F二可一2v百(n一4)、／而+4V／一'3v一／—-n-2—-12
3~／(佗一1)(竹一2)

(佗一3)(扎一2)一2撕(佗一4)、／而+4V俘v．／n—-2—-12
3v／(几一1)(佗一2)

92(n)
=————：=========：=======：．

3J(n一1)(礼一2)’

where仍(死)=(佗一3)(n一2)一2佰(佗一4)、／而+4怕、／嗣一12．Since

蜘，=n-2+n-3-2V／-3v／-n-1。一等学+羔
>2n一5—2、／3而一1一、／3√n一1=2n一5—3v3vrn一1，

⋯，—__-___一 一———。。。‘—一

and for佗≥11，必(礼)≥g：(11)>0，we have啦(佗)≥92(11)=60+12锈一
14、／乍石>0．By some calculations for smaller n，we have 9(3，2，n)>0 for礼≥8．

1 2

‰一2，亿一2 2了迈一—v／3(n—-3)rt 一Z

>j一一：兰
一n一2 ~／3(n一3)

4

+瓦i丽嚣葡乒葛

志2一鉴Tt 3)．√n一 一 }

For钆≥16，了冠1 一盟n-3>0，i．e．，an-2,r,-2>0．For smailer佗，we can verify it

easily．

Let 82(n)=怕(几一1)(n一3)nv乒-一2 s(3，2，n)，where

s2(仃)：(n一2)(佗一1)(礼一4)+2V§(n一2)v瓦-I-2V百(n一3)、／厕
一(佗2—6n+11)、／气元=_巧石_=酉．

Since 2v／3(n一2)、／而一2v／-3(n一3)、／瓦=忑>0 for Tt≥8，we have

s2(佗)≥(佗一2)(扎一1)(扎一4)一(佗2—6n+11)、／气万=_万巧-二酉．
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Then we only need to prove

((佗一2)(n一1)(n一4))2>((T／,2--6钆+11)、／气元=1万巧_二酉)2，

i．e．，(礼一1)(竹一2)((佗一3)(扎2—13n+29)一2)>0．By some calculations，we

have(n一3)(n2—13n+29)一2>0 when n≥11．Thus，s(3，2，n)>0 for n≥8，

since we can verify easily for 8≤n≤10．

因国胍§圊
圊弧掺凰弧

3．413 3．371 3．383 3．412 3．418

掺掺④凤凤
3．412 3．437

凰凰
3．650 3．450

3．447 3．328 3．889

Figure 3．1：The graph8 of order 5≤竹≤7 with the minimum degree k=3 and

2≤P≤3．

For 6≤礼≤7，all the grap]as with minimum degree 3 and 2≤P≤3 and the

values of their Randi6 Indices are shown in Figure 3．1．By easy comparisons．we

can check the result of the theorem．The proof is now complete． I

Theorem 3．3．3 The inequality oy the conjecture holds for all chemical graphs,

i⋯e graphs砒饥the maximum degree at most 4．
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Pmof．From the the result of Delorme，Favaron and Rautenbach for minimum

degree k=2 and the above Theorem 3．3．2 for minimum degree k=3．we know

that we only need to check the inequality of the conjecture for 4-regular graphs．

It is easy to see that a 4-regular graph of order钆has 2n edges，and each edge

has a weight equal to互1．So，any 4-regular graph G has a Randi6 index equal to

墨．It is then not difficult to check that

即)=善≥而4(n葡--4)+G)击2端+击·
The proof is complete． I

Remark．The result in this chapter Was obtained in July,2006，which Was

published in 2008【65]．Now this conjecture Was completely solved by Li，Liu and

Liu【63]．



Chapter 4

On the Randid Index and the

Chromatic Number，the Radius

In this chapter，we will study the relations of the Randi6 index and the

chromatic number，the radius．

4．1 Randi6 index and the chromatic number

Recall that for a given graph G，a vertex coloring of G is called proper if any

two adjacent vertices are assigned different colors．The chromatic number x(a)
of G is the minimum number of colors that are needed to color G properly．

Caporossi and Hansen[2 1]proposed the following conjecture on the relation

of the chromatic number and the Randid index，which is also referred in【62]．
This section is to give a positive proof to the conjecture．

Conjecture 4．1．1(Caporossi and Hansen，[2 1])For any connected graph G

o／order死≥2 with chromatic number x(a)and Randid index R(G)，

即)≥学+击(v／x(a)-1‘+佗刊G))．
Moreover,the bound is sharp／or all n and 2≤x(a)≤n．

At first，we recall soIne lemmas which will be used in the sequel．
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Lemma 4．1．1(Hansen and Vukicevid，【53])Let G be a simple graph with

Randid index R(G)，minimum degree 5 and maximum degree△．Let V be a

vertex oy G with degree equal to 6．Then

即M(G叫≥互1候
Lemma 4．1．2(Li，Liu and Liu，【63])Let G be a graph of order n with mini-

mum degree巧(G)=k．Then

f
R(G)≥{

【
where P satisfies that

p=

墨(墨二!)4-生f堡=生2
2(n_1)。∥丽面

一(．-v)(n-p、-1)2(n--1·+凼刿2k+)

吲

OT丁n+2

or吲

矿札兰O(mod 4)

玎n三l(mod 4)

i，n兰l(mod 4)

if n三2(rood 4)

矿n兰2(rood 4)

i，礼三3(mod 4)

矿n三3(mod 4)

矿k≤

鼋厂k>

and七is even

and k is odd

and k is even

and七is odd

and k is even

and k is odd．

n

2

旦

2

It is easy to see from Lemma 4．1．2 thatp is among the numbers n--22，Tn--1，詈，丁n+l
and丁n+2．

舻一4 1 1

8k∥丽=可
+

8后2+(n2—4)、／而一4忌2、／瓦_=1

8k2拆再1

8k2析再_I

1

2

竹2+4k一48％够研
(8k2+(n2-4k2—4)而j一(佗2+4七一4)讥)

36
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h(n，k)=8k2+(礼2—4k2—4)v伍-I一(n2+4k一4)、／i．

We have掣=16k一8尼饬j一6以一丽n2-4 and掣=16—8而可一
去+瓣n2-4．For铊≥6，

102h(rn,k)<16-8而一高+蕊n2-4<。．
It is easy to verify that翌丛Ok业2 ≤0 for扎=5 and 3≤k≤4．Thus，for佗≥5，we

‰
百Oh(n,k)<8n-4n丽一3瓜一面n2-4<。．

九(礼，七)<九(扎，≥)=2矿一4何j～(n2+2n2-4)V／甄<。．
Therefore，盟Ok逊<0 for佗≥5． _

Theorem 4．1．2 For any connected graph G of order佗≥2 with chromatic死让m-

ber x(a)and Randid index R(G)，we have R(G)2，(x(G))，where the function

，(z)=譬+了去互(、／两+亿一z)．Moreover,the bound is sharp for alln and

2≤x(G)≤n．

mof．Since we only consider connected graphs of order n≥2，we may assuine

X(a)2 2 in the following．

By contradiction．We choose G as a minimum counterexample to the as-

sumption R(G)≥JP(x(G))with respect to the orders of graphs，i．e．，

(1)R(G)<，(x(G))；

(2)for any graph日with a丑order less than that of G，R(H)≥，仅(日))．
Denote by 6(G)=七the minimum degree of G．At first，we prove the following

claim：

Claim．6(G)=k 2 x(C)一1．

Suppose to the contrary that k<X(a1—1．Let u be a vertex with minimum
degree k．Note that x(c—u)<x(G)，since otherwise x(a一∞)=)((G)，by
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Lemma 4．1．1．

R(a一移)<R(a)<，()((G))=f(X(G—z，))，

which contradicts to the choice of G．Hence G一钞has a proper coloring with

x(a)一1 colors．Since d(v)=k<x(a)一1，then there exists a vertex让such

that the color of乱is not appeared in the neighbors of V．Thus口Call be colored

with that color，which implies that G has a proper coloring with x(a)一1 colors，

a contradiction．The claim is thus proved．

Note that f(x)is an increasing function in z≥2．Since，7(z)=；+

顽面1丽一丽1 ，，协)>0 for all z≥2 When佗≥3·Then for n≥3，

厂(x(G))．≤／(k+1)．Vv'hen几=2，G型鲍，it is easy to verify that-厂(x(G))=

f(k+1)since x(K2)=2 and 6(K2)=1．Thus for n≥2，we have

冗(G)<触(G))≤m+1)=字+
Case 1．k≤鸶．

弧十礼一k一1
圻再1

’

By Lemma 4．1．2 and the inequality(4．1．1)，we have

k(k一1)．后(佗一k)，k一1．、／七+竹一k一1丽十丽希i‘、T十—了丁
However，since k≤鸶，we have

a contradiction．

貉≤铝 ≤1．Then，

尼一1、／画+佗一k一1

2“再1

(n—k一1)(忍一、／瓦) (k一1)(佗一k—1)

(钆一k一1)(、／画一1)
-圻再1

Case 2．等<k≤礼一1．

Let

2(n一1)

(1一貉卜

如厕=坚耕 p(n—P)

(4．1．1)

黼+”一D二一@一∽后一2

卫
丛蕊p一烈一+

鹃



By Lemma 4．1．2 and the inequality(4．1．1)，we have

g(托，p)<Tk-1+
In the following，we will show that

~／石+佗一k～1

咖，字，≥字+等．
(4．1．2)

By SOIne elementary calculations，玳。btain that g(n，丁n-2)一学+堑皆≥0
for 2≤n≤4 and詈<k≤扎一1，a contradiction．In the following，we aSSlliile

that n≥5．Then by Lemma 4．1．3．

g(死，Tn-2)一下k-1g【死，下)一下
‘』I

揣+8(佗一1)。
(n一2)(2k

弧+礼一k一1
圻i1

幽+蟹!一
4v／k(n一1)8k

尼一1~／幕+佗一k一1

2“i1
佗(佗+2)

：=———————————一

s(n一1)

>堡(竺±呈!
一8(n一1)

扎(扎+2)

s(n一1)

+掣+9(n，％)+T+9(n，％)

佗2—4

4(n一1)
晕一1：0．

2
一

。

In a similar way,we can verify that for each of the eases for P=学，詈，下n+l
or Tn+2，g(佗，p)≥等+哆膊．The details are omitted．Therefore，we get a

contradiction to Inequality(4．1．2)，and thus get the require inequality R(G)芝
，(x(G))．

Note that the bound is sharp for all死and 2≤x(G)≤n．For example，
denote by％the complete graph 0n n vertices，then x(K)=佗and R(％)=
，()((％))=量． I

4．2 Randi6 index and the radius

The diameter D(G)ofG is themaximum distance between any pair of vertices

of G，i．e．，D(G)=maxtI，竹ev(a)d(u，")．The eccentricity of a vertex u，written E(他)，
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is maxv∈v d∞，移)．Note that the diameter equals the maximum of the vertex

eccentricities．The radius of a graph G is r(C)=minu∈yE(乱)．

In[38]，Fajtlowicz proposed the following conjecture on the relation of the

Randid index and the radius，which is also referred in[62】．

Conjecture 4．2．1(Fajtlowicz，【as])For any connected graph G，

n(c)≥r(a)一1，

where r(C)denotes the radius o／G．

Caporossi and Hansen[21】proved that for all trees T，冗(丁)≥r(T)+v／2一l，
and for trees T except even paths，R(T)≥r(T)．In[76]，the conjecture is verified

for unicyclic graphs，bicyclic graphs and connected graphs of order礼≤9 with

占(G)≥2． Recently，You and Liu[98】proved that the conjecture i8 true for

biregular graphs，tricyclic graphs and connected graphs of order死≤1 0．

In this section，we will prove that for any connected graph G of order竹

with minimum degree 6(G)，the conjecture holds for 6(G)≥警and礼≥25，
furthermore，for any arbitrary real number 0<占<1，if占(G)≥En，the conjecture
holds for sufficiently large佗．

Lemma 4．2．1(ErdSs et a1．，[35])
and with minimum degree 5(G)≥2．

r(C)≤

Let G be a connected graph with n vertices

Then

3n．．—9

26(G)+2
+5．

Theorem 4．2·2 For any connected graph G of order钆with minimum degree

6(G)，冗(G)≥r(G)一1 holds／or 6(G)≥詈and礼≥25．Furthermore，for any

arbitrary real number￡(o<s<1)，矿6(G)≥gn，R(G)≥r(C)一1 holds／or

sufficiently large扎．

Proof．Let G be a connected graph of order几with minimum degree 6(G)=k．
By Lemma 4．2．1，we have r(G)≤丽3n--9+5．We consider the following two cases：
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(Aase 1·尼S羞·

By Lemma 4．1．2．we only need to consider the following inequality,

黜+坠丝≥丽3n--92(n v／k(n-1)2k 2+5乩一1)。——。+～“
In f：act．1et

砌㈨=糕+丽k(n葡-k)一丽3n--9“
Then，

Of(n，k) 2k一1． 死一3k ．6(礼一3)可2丽十—2v／k(n—-1)2(n 1 +面2ki妒‘矾 一)⋯一。( +2)2‘

If n≥3k，we can directly obtain that等≯>0．Now we assume that 2k≤n<

3k．and then

Denote by

Since

Of(n，k) 1 ／，2k一1 3k一亿、．6(几一3)Ok一2丽＼、丽弧／。(2k+2)2。

坳㈨=筹一苌=筹蜥+鑫．
Oh(n，k) 2 3 n 2 3 2k

．—铲2了丽一虿磊一丽<了丽一互了露一芴云磊<o，涨而=r 2以2％以、而=I 2弧2七弧一’

坳㈤>坳，兰)=丽一、／羞>0，
and thus等半>0．

If k≥等and佗≥25，we have

衔㈥猢％n)=端+丽4n2一帮_4>。．
Actually,for any arbitrary ￡(<￡<11， > ，．realnumber 0 if k gn

触㈥>伽'￡n)>黼一丽3rt--9—4>。、／s佗L礼一上J 二E70十二
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for sufficiently large礼．

Case 2．鸶<k≤礼一1．

q(n，P)=
(礼一p)(礼一P—1)

2(n一1) +p—(p—+赢k
型+型垒型

In the following，we will show that for every P∈{n22，Tn--I，鸶，学，学)and
n≥13，

咖，p)>糕+5-1．
In fact，if p=譬，denote by

h(n，k)=

Notice that

帆Tn-2)
n(n+2)。
丽i可十

Oh(n，尼)

一=Ok

3n．——9

2七+2
—4

(礼一2)(2k～(几+2))
8k

死2—4 礼2—4

8k2

扎2—4 3n一9

8k∥硼

2后+2

+等2k蒜2)2>o，。f +
7 v’

since 8k2≤8k-V巧疋两，i．e．，、／五≤、／踊．Thus，for n≥13，we have

坳㈤>坳，互n)=描一百n-2+
In a similar way,we eaal verify

孚or Tn+2，q(n，p)≥丽3n--9+5—1．
complete．

竹2—4

—4．

—3n--—9—4>0．
礼+2

一。

that for each of the cases for P=丁n-1，鸶，
The details are omitted．The proof is now

I
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Chapter 5

Bounds of the Zeroth．．order

Randid Index of Chemical

Graphs

In this chapter，we will consider the zeroth-order general Randi6 indexo凰(G)
of chemical graph G，and give the sharp upper and lower bounds of o吼(G)by

using the order and the size of G．

5．1 Introduction

The zeroth—order Randid index,conceived by Kier and Hall[57，59]，is de-

fined as o冗(G)=oR一1／2(G)=EuEG d(札)一{，where the summation goes over

all vertices of G．In analogy to the Randi6 index，Li and Zheng【74】defines the

zeroth．order general Randid index oRo(G)of a graph G，

o吼(G)=

where O／is an arbitrary real number．

Pavlovid Is3】determined the sharp upper bound of the zeroth-order Raaadi6

index o吼of(n，m)一graphs．In[72】Li and Zhao gave the sharp upper and lower

bounds of o风of trees，with the exponent Q equal to m，一m，磊1 and一鬲1，where
m≥2 is an integer．Later，Li and Zheng[74]gave an alternative proof for

general real number口．Zhang and Zhang【101】determined the sharp upper and

伧G

■■■■
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Chemical Graphs

lower bounds of o心of unicyclic graphs，while Zhang，Wang and Cheng【100]

determined the sharp upper and lower bounds of bicyclic graphs．In【55，66]，the

authors considered the extremal values of o吼for the connected(礼，m)一graphs．

And they gave the sharp lower bound of o玩for Ot<0 or Q>1，and the sharp

upper bound of o吼for口<1．There are also some gaps．

For chemical trees，Li and Zhao【72]determined the sharp and lower bounds

of oRa for any a． In this chapter，we will investigate the zeroth-order general

Randid index for chemical∽，m)一graphs，i．e．，connected simple graphs with n

vertices．m edges and maximum degree at most 4．We will give the sharp upper

and lower bounds of o玩for any口．

5．2 Main results

Firstly,we need to introduce some notations．

Denote by 7r(G)=[dl，d2⋯．，如】the degree sequence of the graph G，where

以stands the degree of the i-th vertex of G and d1≥d2 2⋯≥d竹．

If there is a graph，such that di≥dj+2，let G，be a graph obtained from

G by replacing the pair(反，奶)by the pair(di一1，dj+1)．In other words，if

7r(G)=【dl，d2，⋯，如】，then D(G7)=[d1，d2，⋯，di一1，以一1，di+l，⋯，dj一1，dj+

1，dj+1⋯．，d_．

Note that if口=0 then o吼(G)=佗，and if a=1 then o凰(G)=2m．
Therefore，in the following we always assume that Q≠0，1．

Lemma 5．2．1 For the two graphs G and G4．specified above。we have

o吼(G)>o风(G7)／or Ot<0 or oc>1j

以砂．o．f气(G)<o冗a(G7)，Dr 0<Q<1．

Proof．Since o凰(G)=∑t‘∈y(G)d(乱)a，we have

o玩(G)一。耽(G7)=鳄+弯一(也一1)a一(略+1)口

=[霄一(di一1)口]一f(而+1)a一哼]
= a(∈}一1一专呈一1)，
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Chemical Graphs

where∈1∈(di一1，也)，and已∈(dj，dj+1)．So，by盔≥吻+2，we have荨1>已．

Then o吼(G)>o吼(G7)for O／<0 or乜>1，whereas o风(G)<o吼(G7)for
0<a<1． _

Denote by ni the number of vertices of degree i in a chemical(n，m)-graph
G．Then we have

o凡(G)=∑d(u)8=nl+2a阮+3 n3+4ana． (5．2．1)
uEV(G)

Theorem 5．2．1 LetC+be a chemical(n，m)一graph碱饶degree sequence r(c+)=

[d1，d2⋯．，d．1，such that Idi-djl≤1如r any i≠J．ThenIor Ot<0 or Ol>1，C+

has the minimum zeroth-order general Randid index among all chemical(n，m)一

graphs，whereas for 0<a<1，C’has the maximum zeroth—order general Randid

index among all chemical(n，m)-graphs．Moreover,

o风(矿)=

2+2n n一2) m=扎一1；

2n(3n一2m)+3a(2m一2n)礼≤m≤【警j；
3口(4n一2m)+4口(2m一3佗) 【警J<仇≤2n．

m西We only consider the case 0<a<1，because the proof for the other

case is fully analogous．Let G be a chemical graph and 7r(G)=fdl，如⋯．，厶】．
If G喾C+，then there must exist a pair(di，dj)such that如≥dj+2．By

Lemma 5．2．1，the graph d，obtained by replacing the pair(也，dj)by the pair

(也一l，奶+1)，has a greater oR-value than G．Consequently,G is not a chemical

(n，仍)-graph with the maximum zeroth-order general Randi6 index．

To show the existence，we construct the extremal(n，m)一graph C+(with the

minimum oR for Q<0 or a>1，and with maximum oR for 0<a<1)by ad血塔

edges one by one．First，we start from a tree．There must be at least two 1-degree

vertices in a tree．By Lemma 5．2．1，there does not exist any 3-degree vertex，SO

the extremal tree must be a path R．Next we add an edge joining the two leaves

of the path．In this way the degrees of all vertices become equal to two，and

then we get a cycle．We continue by adding edges one by one，SO aS to maximize

the number of 3-degree vertices，until either there remain nO 2-degree vertices，

or remains exactly one．If more edges need to be added．then we缸st connect

the 2一degree vertex(if such does exist)with a nonadj acent 3一degree vertex，and
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continue by connecting pairs of nonadj acent 3-degree vertices．The construction

is shown in Figure 5．1．

一．-一◇⋯o⋯o⋯◎

I

Figure 5．1：Constructing chemical graphs with extremal zeroth-order general
Randid index，according to Theorem 5．2．1．

Theorem 5．2．2 Let G4 be a chemical(礼，m)一graph with at most one vertex oy

degree 2 or 3．1{one o|the following conditions holds：

例仇=n一1j

似矽m≥礼≥6，10r钆=6，m≥10，and for死=7，m≠8，
then lor口<0 or ot>1．G‘has the maximum zeroth—order general Randid index

among all chemical(佗，m)一graphs，whereas 107’0<Ol<1，the same graph has the

minimum zeroth—order general Randid index among all chemical(礼，m)-graphs．
Moreover,

o耽(酽)
纽亏熟+4。(垫铲) 2m—n三0(rood 3)；

堑竽+2n+4a(—2m1--广n--一1) 2m一几三1(mod 3)；

垒塑学+3口+4口(—2m1--广n--一2) 2m一竹兰2(mod 3)．

m何Again，we only consider the case 0<Q<1，because the proof for the other

case is similar．Let G，be a chemical(n，m)一graph and 7r(G)=【d1，d2，．．．，厶】．
Let G，possess two vertices of degree 2 or 3，i．e．，let there be a pair(di，如)
such that 3≥di≥dj≥2．By Lemma 5．2．1，there is a graph G，obtained by

replacing the pair(以，略)by the pair(也+1，dj一1)，that has a smaller oR-value

than G7．Repeating the above operation until there is no pair(以，dj)，such that

3≥di≥dj≥2，we arrive at G+with the minimum zeroth-order general Randi6
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index．In view of(5．2．1)，for伊we have

=竹

=2m

< 1

From the above equations，we have one of the following three options：

(1)他=n3=0，implying nl=(4n一2m)／3，Yb4=(2m—n)／3，if 2m一佗三

0(rood 3)；

(2)n2=1，n3=0，implying nl=(4n一2m一2)／3，Tt4=(2m一佗一1)／3，if
2m一佗三1(mod 3)；

(3)n2=0，rt3=1，implying nl=(4n一2m一1)／3，n4=(2m一佗一2)／3，if
2m一礼三2(rood 3)．

In order to show the existence．we construct G+by distinguishing the following

cases：

(I)if礼=m一1．

(I．1)If 2m一竹三0(rood 3)，we
then add nl pendent vertices，taking

4．

first construct a path with n4 vertices，and

care that nO vertex gets degree greater than

(1．2)If 2m—n兰l(mod 3)，we first construct a path with m vertices，then

add nl pendent vertices，taking care that no vertex gets degree greater than 4，

and finally subdivide all edge by inserting to it a vertex of degree 2．

(1．3)If 2m一扎三2(mod 3)，we first constmct a path with n4+1 vertices，

and then add礼l pendent vertices，taking care that no vertex gets degree greater

than 4．

(II)m≥佗≥6，for铊=6，m≥10，or for n=7，m≠8．

In Figure 5．2 we show one of the possible gr印11s G4 for n4≤4，that is

【(2m—n)／3J≤4．For Tt4≥5，we construct G+as follows：

(II．1)If 2m一佗兰0(rood 3)，we first construct a 4-regular graph on n4

vertices，then delete rtl／2 edges from it，and then add nl pendent vertices，taking

care that no vertex gets degree greater than 4．

(II．2)If 2m—n兰1(rood 3)，we first construct a 4-regular graph on m
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vertices，then delete nl／2 edges from it，then add nl pendent vertices，taking

care that no vertex gets degree greater than 4，and finally subdivide all edge

inserting to it a vertex of degree 2．

(II．3)If 2m一佗兰2(mod 3)，we first construct a 4-regular graph on锄+1

vertices，then delete(nl+1)／2 edges from it，and then add nl pendent vertices，

taking care that no vertex gets degree greater than 4．

This completes the proof．

险．喻y A各
n=6，m=lO n=7．m-7 n=7，m=9 n=7，m=lO n=8，m=8

等××眷寸
n=8．m=9 n--8，m-lO n=8。m=11 n=9。m=9 n_,-9，m=lO

k抡寸嘲掬
n=9。m-11 n=lO，m-lO n。10．m，11 n=lO，m=12 n=11·m=11

● ● ● ●

-

I ● I

● ● ●

● ●

'

l ●

● ● ●

[ I
● 1 ’ -

● II ● l

● ， ● ， -

‘ J 。 上 ·

- -

● I ● I

n--1 1，m--12 n=12。m,,12． n=12，m=13 n=13。m=13． n,=14。m=14

I

Figure 5．2：Chemical graphs with extremal zeroth-order general Randi6 index．

having four or fewer vertices of degree 4．

Note that Theorem 5．2．2 holds under that conditions m=他一1．or n=6

and m≥10，or礼=7 and m≠8，or m≥礼≥8，since for the other pairs of竹
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andm the extremal degree sequences obtained in Theorem 5．2．2 axe not graphic．

It is easy to check that for他=1，2，3，and for他≥4 and m=(銎)一1 or m=(；)
the(扎，m)一graph is unique．For礼=4 and m=4 or n=5 and 5≤m≤8，or

佗=6 and 6≤m≤9，or礼=7 and m=8，we can characterize the extremal

gr印hs by examining all possible degree sequences．These extremal gr印11s are

depicted in Figure 5．3(minimum Ones for 0<o<1，maximum ODes for口<0 or

a>1，except for铊=5 m=7，in which(Q)is the minimum graph for 0<a<l

and maximum graph for Q<0 or 1<Q<2，and(b)is the maximum graph for

口≥2)．

“△．△． 伞卤够台
n讲，m讲 n-5。m-5 n#5。m曲 n=5．m=7

(a)

n-5．m=7 n=5，m=8

(b)

k W奠乜
n16· m譬6 n16，m-7 n16． m鼬8 n--6， m=9 n暑7， m霉8

Figure 5．3：Some gr印118 with extremal zeroth-order general Randi6 index，for
details see text．
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Chapter 6

The Diameter and the Inverse Degree

In this chapter，we will investigate the relation between the inverse degree

and the diameter．

6．1 Introduction

Given a connected，simple and undirected graph G=(V E)of order佗，let

the inverse degree I(G)of G be defined by

邶)=OR_1(耻∑丽1，
where d(v)is the degree ofV in G．

The distance between two vertices牡and"in G，denoted by dc(牡，口)(or

d(札，V)for short)，is the length of a shortest path joining乱and u in G．The

diameter D(O)of G is the maximum distance d(u，秒)over all pairs of vertices牡

and V of G．The average distance p(G)，all interesting graph-theoretical invariant，

is defined as the average value of the distances between all pairs of vertices of G，

i．e．，

√川 ∑训∈矿d(乱，秒)弘(G)=竺等≯．
L2，

A tree is a connected graph of order n and size礼一1．while a unicyclic graph is

a connected graph of order扎and size n．
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The concept of the average distance，also called the mean distance，was intro-

duced in graph theory by Doyle and Graver 134]as a measure of the“compact．

ness”of a graph．It has already been used in architecture[56]as a tool for the

evaluation of floor plans．Since then it has arisen also in the study of molecular

structure(See，e．g．，【89])，inter-computer connections【60】and telecommunica-

tions networks[s3]．In a network model，the time delay or signal disgradation for

sending a message from one point to another is often proportional to the number

of edges a message must travel．The average distance can be used to indicate

the average performance of a network，whereas the diameter is related to the

worst-case performance，

Graffiti is a program designed to make conjectures about，but not limited to

mathematics，in particular graph theory,which was written by Fajtlowicz from

the mid一1980’S．A numbered，annotated listing of several hundred of Graffiti’S

conjectures can be found in f391．Graffiti has correctly conjectured a number of

new bounds for several well studied graph invariants．A number of these bounds
involve the average distance．For example，the inequality

肛(G)≤Q(G)，

where a(G)is the independence number of G，which Was proved by Chung[24]
and improved by Dankelmann【31]．A Graffiti conjecture involving two distance

parameters，

r(a)≤p(G)+，(G)，

Was disproved by Dankelmann et a1．

See【10，25，28，61】for other problems

【29]，where r(a)denotes the radius of G，

and results．

There is a Graffiti conjecture(See【38，41])

p(G)≤J(G)．

However，the conjecture Was refuted by Erd6s，Pach and Spencer in[36】．They
proved that，if G is a connected graph of order扎and I(a)≥3，then

(弘2／3j+o(1)) 话lgolg。ng仃一<肛(佗，r)≤。(钆，r)≤(6r+o(1))聂面logn，
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where u(n，r)=max{肛(G)：J(G)≤r)and D(n，r)=max{D(G)：，(G)≤r)．
Dankelmann et a1．【30]improved the the upper bound by a factor of 2，

D(G)≤(3邶)+2+。(1))i5l而ogn ，

which is also an upper bound 0n the average distance since p(G)S D(G)．

In this chapter，we will give sharp upper bounds for trees andunicyelic graphs．

We show that for a tree T of order死．W．e show that for a tree T of order礼

D(T)≤翌二2—I(T—)+—1—-—"-—'-—'V'41('1')2-_"-(4—n-—4—)I(—T)—+n—2-—2n型-，
while for a unicycfic graph G of order礼

D(G)≤竺3n型盟兰型亟竺半坠旦塑生幽．
6．2 The improved upper bounds

Theorem 6．2．1 Let T be a tree吖order佗．ThenD(T)≤—3n-—2I(T)—+1-堑V／4I耍(T)2≯-(4n翌-4)囹I(T)婴+n2-2n-7，
with equality矿and only矿T垒T(n，D(T))，where T(n，D(T))is a tree having

a unique vertex with maximum degree礼+1一D(T)and all other vertices with

degree one or two．

Pmoy．Let T be a tree of order佗and D(T)=d．If d=扎一1，then T笆R and

，(R)=丁n+2．It is easy to check that

D(R)：竺3n型盟生1塑型亨尘竺坚止型．
In the following we suppose T菩R．Denote by T(竹，d)a tree ha：ving a unique

vertex with maximum degree他+l—d and all other vertices with degree one or

two．If P=UoUl⋯Ud is a longest path of T．then the vertices u0 and Ud must

be leaves．Note that there are at most死一d+1 leaves since D(T1=d．Suppose
the number of leaves in T is k(k≥3)．First，we will show that

，(丁)≤七+丢+兰二笋，
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with equality ffand only ifT竺丁∞，佗一k+1)．

We apply induction on仡．It is easy to check that the assertion holds for

smaller礼．Suppose it holds for n--1．It is well-known that every tree has at least

two leaves．Let u be a leaf of T and u be the unique neighbor of口．

If d(让)=2，T一秽is a tree having n一1 vertices and k leaves．Then we have

I(T)=言+j(T—u)

≤三+忌+丢+兰二半=后+丢+兰二笋．
Equality holds if and only ifT-v笺T(n-1，佗-1-k-1)，i．e．，T笺T(n，n-k-1)．

If d(u)=3，T—u is a tree having n一1 vertices and k一1 leaves．Then for

k>3 we have

j(T)=1+亏1一j1+J(T一移)

≤罢+k-l+西1+宇≤庇+丢+宇，
where equality holds throughout if and only if T—u竺T(礼一1，n—k一1)
and k=3．That is to say,in this case，equality holds throughout if and only if

T竺T(n，礼一k一1)andk=3．Fork>3，j(T)<I(T(n，n-k-1))=尼+丢+旦==乒．

If d(u)≥4，we have k≥4 and T—u is a tree having n一1 vertices and k一1

leaves．Then for k≥4 we have

咿)=1+丽1一面b+堆叫
≤1一丽丽1面+k-l+西1+半

】 礼一k一】

≤后+乏+——lr，
where equality holds throughout if and only if T—V竺T(n一1，礼一k一1)
and k=d@)．It is easy to check that equality holds throughout if and only if

T竺T(n，礼一k一1)in this case．

Considering all the above cases，we have proved the assertion above．Now we

will prove thetheorem．Notice that七+{+—n-广k-1 is a strictly increasing function
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for k≥3．Thus for a tree with D(T)=d，we have

咿)≤七十丢+半
≤n一川+南+等．

Now multiplying 2(n—d+1)to the two sides of the above inequality,we obtain

2(n—d+1)j(T)≤2(n—d+1)2+2十(n—d+1)(d一2)．

By some simplifications，we obtain a quadratic inequality on d，

cf2一(3n一2I(T)+1)d+2舻+2n+2一(2n+2)I(T)≥0．

We solve the inequality and give the following solution since the diameter d≤

钆一1．

d<
3n一2I(T)+1一、／伍，(T)2一(4n一4)I(T)+佗2—2n一7

一一———————二——————-__-——_——_二—．____-．_-_____-_-___—___．__·______-____-______-_·_··_·__________。I__·‘—__。o一．

2

The proof is complete． 1

For a unicyclic graph G，by a similar method to the proof of Theorem 6．2．1，

we get ． ，

，(G)≤n—d-1+石=毛+罢．
Then we obtain the following theorem．

Theorem 6．2．2 Let G be a unicyclic graph o／order n．Then

D(G)≤
3n一2r(a)一1一X／—4I(—G)2—-—(4n—-1万2)1郧(G砸)+至n2三--6亘n+亘1

2

with equality矿and only玎T竺a(n，D(G))，where a(n，D(G))is口unicyclic

graph having a unique vertex with maximum degree钆+1一D(G1 and all other

vertices with degree one or two．

6．3 Comparing of the upper bounds

Our two upper bounds are better than the following one given by Dankelmann

et a1．【30】：

。(G)s(3j(G)+2+。(1))话l而ogn．
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In fact，we improve the above bound by a factor of approximately{·上log l吐og n
(note that且loglogn>1)．Before proving it，we list the following two results proved

by Li and Zhao[72】，Zhang and Zhang[101]，respectively．Let R be the path

with n vertices，Sn the star with n vertices，cn the cycle with n vertices and S去
the graph obtained from&by joining two leaves with an edge．

Theorem 6．3．1(Li and Zhao，[72])For a tree T o／order n，the inverse de—

gree of T satisfies that

Tn+2≤J(T)<_n-1+而1，
where the fe厅inequality is an equality铲and only铲T竺R，the right inequality

ts an equality对and only tj T鲁sn．

Theorem 6．3．2(Zhang and Zhang，【101])For a unicyclic graph G o／order

n，the inverse degree o／G satisfie8 that

警驯G)≤礼一2+击，
where the f啦inequality is an equality玎and only矿T竺瓯，the right inequality

is an equality寸and only寸T竺S熹．

At first，for a tree T of order n，we will show that the following inequality

holds for n+22≤t(T)≤钆一1+击：

竺3n型堕尘堑塑与丝型塑幽型<轴(丁／、十2)．n ’^、一一、一 ，

By some simplifications，we can transform the above inequality into the fol-

lowing one：

6n一131(T)一4<2析研帝=再i酉雨耵焉[丽． (6．3．1)

When 1n+广2≤I(T)≤n一1+亲j，we have 6n一13I(T)一4<0 and 4I(T)2一

(4n一4)I(T)+n2—2礼一7>0．Thus inequality(6．3．1)holds obviously,which

implies that our bound is a better one．
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By similar discussions as above，for a unicyclic graph G of order佗，we eaxl

prove that the following inequality holds for詈≤，(G)≤佗一2 4-0了：

一3n-21(G)-I-v／41(G)2-(4n-12)I(G)+n2-6n+1<要(3r(G)+2)，n ’』、一 、。， ，，

which also implies that our bound is a better one．

57



Bibliography

Bibliography

【1】R．Ahlswede and G．O．H．Katona，Graphs with maximal number of adjacent

pairs of edges，Acta Math．Acad．Sci，Hungar．32(1978)，97-120．

[2】M．Aouchiche，G．Caporossi and P．Hansen，Variable neighborhood search

for extremal graphs 8：Variations on Graffiti 105，Congr．Numer．148(2001)，
129-144．

【3]M．Aouchiche and P．Ha．nsen，On a conjecture about Randi6 index，Discrete

Math．307(2007)，262—265．

[4】M．Aouchiche，P．Hansen and M．Zheng，Variable neighborhood search for

extremal graphs 18：conjectures and results about Randi6 index，MATCH

Commun．Math．Comput．Chem．56(2007)，541—550．

【5】5 M．Aouchiche，P．Hansen and M．Zheng，Variable neighborhood search for

extremal F印11s 19：further conjectures and results about Randi6 index，

MATCH Commun．Math．Comput．Chem．58(2007)，83—102．

[6]O．Araujo and J．A．De la Pefia，Some bounds for the connectM够index of

氆chemical graph，J．Chem．I埘．Comput．Sci．38(1998)，827-831．

【7】A．T．Balaban，Chemical Applications of Graph Theory,Academic Press，

New York，1976．

【8]A．T．Balaban，I．Motoc，D．Bonchev and 0．Mekenyan，Topological indices

for struture-acti访锣correlations，Topics Curt．Chem．114(1983)，21—55．

[9】P．Balister，B．BoIlob缸and S．Gerke，The generalised Randi6 index of trees，

3．Graph Theory 56(2007)，270-286．

【10】R．A．Beezer，J．E．Riegseeker，B．A．Smith，Using minimum degree to bound

average distance，Discrete Math。226(2001)，365-371．

59



Bibliography

【1 1】C．Bey,An upper bound on the sum of squares of degrees in a hypergraph，

Discrete Math．269(2003)，259-263．

【12]F．Boesch，R．Brigham，S．Burr，R．Dutton and R．Tindell，Maximizing the

sun2 of the squares of the degrees of a graph，Tech．Rep．，Stevens Inst．Tech．，
Hoboken，NJ，1990．

【13]B．BoUob矗s，Extremal Graph Theory,Academic Pros，London，1978．

【14】B．Bollobks and P．Erd6s，Graphs of extremal weights，Ars Combin．

50(1998)，225—233．

[15】B．Bollob五s，P．ErdSs and A．Sarkar，Extremal graphs for weights，Discrete

Math．200(1999)．扣19．

【16】J．A。Bondy and U．S．R．Murty,Graph Theory with Applications，Macmllan
Press Ltd．London，1976．

【17】J．A．Bondy and U．S．R．Murty,Graph Theory,Springer，2008．
：

[18]G．Caporossi，D．Cvetkovic，P．Hansen and S．Simic，Variable neighborhood

search for extremai graph8 3：On the largest eigenvalue of color-constrained

trees，Linear Multilinear Algebra 49(2001)，143—160．
●

【19]G．Caporossi，A．Dobrynin，P．Hansen and I．Gutman，Trees with palin-

dromic Hosoya polynomials，Graph Theory NotesⅣ．r 37(1999)，10-16．

[20】G．Caporossi，I．Gutman，P．Hansen and L．Pavlovid，Graphs with maximum

connectivity index，Comput．Bi01．Chem．27(2003)，85-90．

[21】G．Caporossi and P．Hansen，Variable neighborhood search for extremal

graphs 1：The AutographiX system，Discrete Math．212(2000)，29_-44．

【22]G。Caporossi and P．Hansen，Variable neighborhood search for extremal

graphs 5：Three ways to automate finding conjectures．Discrete Math．

276(2004)，81—94．

【23】A．Cayley,On the mathematical theory of isomers，Philos．Mag．67(1874)，
444-446．

【24]Fan R．K．Chung，Spectral Graph Theory,American Mathematical Society,

1997．

60



Bibliography

【25】F．R．K．Chung，The average distance andthe independence number，，Graph

Theory 12(1988)229-235．

[26】S．M．Cioab苞，Sums of powers of the degrees of a graph，Discrete Math．

306(2006)，1959--1964．

【27]D．Cvetkoi6，M．Doob，H．Sachs，Spectra of Graphs：Theory and Applica-

tions，Academic Press，New York，1980．

[28】P．Dankelmann，R．C．Entringer，Average distance，minimum degree and

spanning trees，J．Graph Theory 33(2000)，1-13．

[29】P．Dankelmann，0．R．Oellermann，H．C．Swart，On three conjectures of

GRAFFITI，，Combin．Comput．26(1998)131-137．

【30】P．Dankelmann，Henda C．Swart，Paul van den Berg，Diameter and inverse

degree，Discrete Math．308(2007)，670-673．

【31】K．Ch．Das，Maximizing the sum of the squares of the degrees of a graph，

Discrete Math．285(2004)，57--66．

[32]C．Delorme，O．Favaron and D．Rautenbach，On the Randi6 index，Discrete

Math．257(2002)，29-38．

【33】A．A．DobDmin，R．Entringer，I．Gutman，Wiener index of trees：Theory and

applications，Acta Appl．Math，66(2001)，21 1—249．

【34]J．K．Doyle and J．E．Graver，Mean distance in a graph，Discrete Math．

17(1977)，147-154．

[35】P．ErdSs，J。Pach，R．Pollack and Z．rnlza，Radius，diameter，and minimum

degree，z Combin．Theory Set．B 47(1989)，73-79．

[36】P．ErdSs，J．Pach，J．Spencer，On the mean distance between points of a

graph，Congr．Numer．64(1988)121-124．

【37]L．Euler，Solutio problematis ad geometriam situs pertinentis，Comment．

Academiae Sci．L Petropolitanae 8(1736)，128-140．

【38]S．Fajtlowicz，On conjectures of Graffiti，Discrete Math．72(1988)，113—118．

[39】 S．Fajtlowicz，‘'Web addressWritten on the Wall”(manuscript)，Web adress：

http：／／math．uh．edu／--，siemion．

61



[40]S．Fajtlowiez，Written on the Wall，Conjectures derived on the basis of the

program Galatea Gabriella Graffiti，University of Houston，1987．

【41】S．Fajtlowicz，W．A．Waller，On conjectures of Graffiti II，Congr．Numer．

60(1987)，187-197．

[42]L．R．Foulds，Graph Theory Applications，Springer-Verlag，New York，1992．

【43]J．L．Gross and J．Yellen，Graph Theory and its Applications，CRC Press，

Inc．，Boca Raton，FL，USA，1999．

【44】I．Gutman，Total p-Electron Energy of Benzenoid Hydrocarbon，Topics Curt．

Chem．162(1992)，29-63．

[45J I．Gutman，The energy of a graph：old and new results，in：A．Betten，

A．Kohnert，R．Lane，A．Wassermann(Eds．)，Algebraic Combinatorics and

Applications，Springer-Verlag，Berlin，2001，PP．196--211．

[46】I．Gutman，Chemical graph theory--the mathematical connection，Adv．

Quantum Chem．51(2006)，125-138．

【47】I．Gutman，O．Aranjo and D．A．Morales，Estimating the connectivity index

of a saturated hydrocarbon，Indian，Chem．39(2000)，381-385．

[48]I．Gutman and S．Cyvin，Intro．duction to the Theory of Benzenoid Hydro-

carbons，Springer-Verlag，1989．

【49】I．Gutman and O．Miljkovi6，Molecules with smallest connectivity indices，

MATCH Commun．Math．Comput．Chem．41(2000)．57二70．

[50]I．Gutman，O．Miljkovid，G．Caporossi and P．Hansen，Alkanes with small

and large Randid connectivity indices，Chem．Phys．Lett．306(1999)，366_
372．

【51]I．Gutman，M．Randid，Algebraic characterization of skeletal branching，
Chem．Phys．Lett．47(1977)．15_19．

【52]P．Hansen and H．M610t，Variable neighborhood search for extremal graphs

6：Analyzing bounds for the connectivity index．，Chem．Inf．Comput．&i．
43(2003)．1—14．

【53】P．Hansen，D．Vukicevi6，Variable neighborhood search for extremal graphs．
23．On the Randi6 index and the chromatic number，Discrete Math．309

(2009)，4228-4234．

62



Bibliography

[54J H．Hosoya，Topological index，a newly proposed quantity characterizing

the topological nature of structure isomers of saturated hydrocarbons，Bull．

Chem．Soc．Japan．44(1971)，2332-2339．

[55】Y．Hu，X．Li，Y．Sift and T．Xu，Connected(礼，仇)一graphs with minimum

and maximum zeroth-order general Randid index，Discrete Appl．Math．

155(2007)，1044-1054．

【56】M．Katz，Rearrangements of(0，1)一matrices，Israel J．Math．9(1971)，53—72．

【57】L．B．Kier，L。H．Hall，The nature of structure-activity relationships and their

relation to molecular connectivity,European Z Med．Chem．12(197To)．307L
312．

【58】L．B．Kier，L．H．Hall，Molecular Connectivity in Chemistry and Drug Re-

search，Academic Press，New York，1976．

(59】L．B．Kier，L．H．Hall，Molecular Connectivity in Structure-Acti、嘶analysis，
Research Studies Press，Wiley,Chichester，UK，1986．

【60】V．V．Korneev and O．G．Monahov，Graphs of the intermachine connections
of uniform computer systems(in Russian)，Vycisl．Sistemy 73，Voprosy Teorii

i Prostroenija Vycislitel’nyh Sistem(1978)，93-106，170．

【61】M．Kouider，P．Winkler，Mean distance and mimmum degree，z Graph The．

ory 25(1997)，95-99．

【62】X．Li and I．Gutman，Mathematical Aspects of Randi&Type Molecular

Structure Descriptors，Mathematical Chemistry Monographs No．1，Kragu-

jevac，2006．

[63】X．Li，B．Liu，J．Liu，Complete solution to a conjecture on

Randid index， European Journal ol Operational Research (2009)，
doi：10．i016／j．ejor．2008．12．010．

[64】X．Li，Y．Shi，A survey on the Randid index，MATCH Commun．Math．

Comput．Chem．59(2008)，127-156．

[65】Xueliang Li，Yongtang Shi，Some new results on a conjecture about the

Randid index，Recent Results in the Theory of Randid Index，Mathematical

Chemistry Monographs No．6，2008，57_72．



Bibliography

[66J x．Li，Y．Shi，m，m)_Graphs with ma硒m_um zeroth-order general Randid

index for Ol∈(--1，o)，MATCH Commun．Math．Comput．Chem．62(2009)，
163-170．

【67]X．Li，Y．Sift，On a relation between the Randid index and the chromatic

number，submitted．

【68】x．Li，Y．Shi and T．Xu，Unicyclic graphs with maximum general Randi6

index for Q>0，MATCH Commun．Math．Comput．Chem．56(2006)，55卜
570．

【69]x．Li，Y．Shi and L．Zhong，Minimum General Randi6 index on chemical

trees with given order and number of pendent vertices，MATCH Commun．

Math．Comput．Chem．60(2008)，539-554．

【70】X．Li，X．Wang and B．Wei，On the lower and upper bounds for general

Randid index of chemical(佗，m)-graphs，MATCH Commun．Math．Comput．

Chem．52(2004)，157-166．

【71】X．Li and Y．Yang，Best lower and upper bounds for the Randi6 index R—l

of chemical trees，MA TCH Commun．Math．Comput．Chem．52(2004)，14卜
156．

【72】‘X．“，H．Zhao，Trees with the first three smallest and largest generalized

topological indices，MATCH Commun．Math．Comput．Chem．50(2004)，5卜
62．

【73】X．Li and H．Zhao，Trees with small Raadid connectivity indices，MATCH

Commun．Math．Comput．Chem．51(2004)，167-178．

【74】x．Li and J．Zheng，A unified approach to the extremal trees for different

indices，MATCH Commun．Math．Comput．Chem．54(2005)，195-208．

【75】x．Li and J．Zheng，Extremal chemical trees with minimum or m脚mum
general Randid index，MATCH Commun．Math．Comput．Chem．55(2006)，
381-390．

[76】B．Liu，I．Gutman，On a conjecture in Randid indices，MATCH Commun．

Math．Comput．Chem．62(2009)，143-154．

【77]H．Liu，M．Lu and F．Tian，On the Randid index，J．Math．Chem．38(2005)，
345-354．



Bibliography

【78】R．E．Merrifield，H．E．Simmons，The structure of molecular topological

spaces，Theor．Chim．Acta 55(1980)，55-75．

【79】J．Moon，On the total distance between nodes in trees，Systems Sci．Math．

Sci．9(1996)，93—96．

【80】V．Nikiforov，The suin of the squares of degrees：Sharp asymptotics，Discrete

Math．307(2007)，3187-3193．

【81】S．Nikoli6，G．Kova毫evi6，A．Mili6evid，N．Trinajstid，The Zagreb indices 30

years after，Croat．Chem．Acta 76(2003)，113—124．

【82]P．J．Oliver，C．Shakiban，Graph theory and classical invariant theory,Adv．

Math．75(1989)，212-245．

f83】L．Pavlovi6，Maximal value of the zeroth-order Randi6 index，Discrete Appl．

Math．127(2003)，615-626．

[84】L．Pavlovi6，Graphs with extremal Randid Index when the minimum degree

of vertices is two。Kragujeyac 3．Math．25(2003)，55-63．

【85】L．Pavlovid，On the conjecture of Delorme，Favaron and Rautenbach about

the Randi6 index，European，Oper．Res．180(2007)，369-377．

【86]L．Pavlovi6，T．Divni6，A quadratic programming approach to the Randi6

index，European J．Oper．Res．176(2007)，435-444．

【87】G．P61ya，Anzahlbestimmungen f／it Gruppen，Graphen und Chemische

Verbindungen，Acta Mathematica 68(1937)，145-254．

[88】U．N．Peled，R．Petreschi and A．Sterbini，(佗，e)一Graphs with maximum sunl

of squares of degrees，J．Graph Theory 31(1999)，283-295．

【89】M．Randi6，On characterization of molecular branching，，Am．Chem．80c．

97(1975)，6609-6615．

【90】M．Randi6，On structural ordenng and branching of acychc saturated hy-

drocarbons，3．Math．Chem．24(1998)，345-358．

[91】M．Randi6，Characterization of atoms，molecules and classes of molecules

based on path enumerations，MATCH Commun．Math．Comput，Chem．

7(1979)，扣64．



Bibliography

[92】D．Rautenbach，A note on trees of maximum weight and restricted degrees，

Discrete Math．271(2003)，335-342．

[93】J．J．Sylvester，Chemistry and algebra，Nature，17(1S78)，284．

[94】R．Todeschini，V．Consonni，Handbook of Molecular Descriptors，Wiley-
VCH，Weinheim，2000．

【95]N．Trinajsti6，Chemical Graph Theory,CRC Press，Boca Raton，FL，1993．

【96]H．Wiener，Structural determination of paraffin boi5ng points，Z Am，Chem．

Soc．69(1947)，17-20．

[97]X．Wu and L．Zhang，The third minimal Randid index tree with k Pendant

Vertices，MATCH Commun．Math．Comput．Chem．58(2007)，113-122．

【98】Z．You，B．Liu，On a conjecture of the Randi6 index，Discrete Applied．Math．

157(2009)，1766—1772．

【99】L．Zhang，M．Lu and F．Tian，Maximum Randid index on trees with k

pendent vertices，J．Math．Chem．41(2007)，161-171．

【100】S．Zhang，W．Wang and T．C．E．Cheng，Bicyclic graphs with the first three

smallest and largest values of the first general Zagreb Index，MATCH Com-

mun．Math．Comput．Chem．56(2006)，579—592．

【101】S．Zhang，H．Zhang，Unicyclic graphs with the first three smallest and

largest first general Zagreb index，MATCH Commun．Math．Comput．Chem．

55(2006)，427-438．

66



致谢

致谢

在本文即将完成之际，衷心的感谢所有给予我知识和关怀的老师，感谢所有

给予我帮助和支持的同学、朋友，感谢一直在背后默默为我奉献的家人．

特别感谢我的导师李学良教授．跟随导师学习已有五年时间，五年来，导师

渊博的知识，严谨的治学，谦和的为人以及对工作的认真负责、兢兢业业，深深

地教育着我，影响着我，激励着我，使我终生受益。感谢他引领我进入图论这个

领域，五年前第一次见到导师的那一幕始终刻在我的脑海中，并将永远的留在我

的记忆里；感谢他教导我如何做人、如何做学问，五年来每一次语重心长的谈心，

每一篇论文的反复推敲和修改都已成为我最宝贵的财富，并将继续指导我以后的

工作、学习和研究；感谢他对我生活上无微不至的关怀，五年中亲人般地嘘寒问

暖已在我心灵深处构成一幅幅美好的画面，让我感激在心．同时，感谢师母王红

教授一直以来对我生活上细致入微的关怀，以及对我学业的鼓励和鞭策．

特别感谢陈永川教授。陈老师博学、严谨、勤劳、精益求精的人格魅力深深

地感染着我，影响着我，激励着我，让我受益终生。陈老师是大家心中的一面旗

帜，他的爱国热情，他的思想境界，他的工作激情，都是我们学习的楷模。在思想

和精神上，陈老师深深地影响着我，他的每一句话都是那么的富有深意，富有哲

理，“奋斗改变命运”，“细节决定成败”等等都让我牢记在心；在学习科研上，陈

老师的高起点、高标准、高要求，都是大师风范，已成为我们学习、工作的标尺；

在生活上，陈老师教我们如何做人、如何做事，陈老师对我的关怀和帮助让我永

远铭记在心．在此，我向陈老师致以最诚挚的谢意!

感谢中心马万宝老师，于青林老师，高维东老师，向开南老师，Christian

Reidys老师，侯庆虎老师，路在平老师，辛国策老师，杨立波老师，付梅老师，谷

珊珊老师，季青老师，姜洪华老师，吴艳老师，徐昭老师，于名飞老师，吴腾老

师，任晓燕等所有老师．是他们教给了我很多专业知识，是他们让我懂得了很多

做人做事的道理，是他们的指导和帮助使我顺利完成五年的学业。

67



致谢

感谢到中心访问的学者和专家；郁星星教授，刘九强教授，高志成教授，颜

华菲教授，堵丁柱教授，赖虹建教授，吴海东教授，Ivan Gutmaa教授，Hajo

Broersma教授等，从他们那里学到了更多的知识。

感谢徐志霞老师对我的关心和帮助，感谢所有帮助过我、支持过我的师兄师

姐和师弟师妹。感谢胡玉梅，钟玲平，许天怿，张建斌和杜文学，感谢同年级的

所有同学：陈永兵，崔庆，段英华，窦全杰，高永，庞兴梅，孙慧，唐凌，王健，王

涛，吴云建，张永杰，明瑛，张秀娟等，是他们的陪伴使我的学习生活丰富而多

彩．

最后，感谢我的家人多年来对我的无私奉献和默默支持。特别感谢我的爱人

对我的支持和照顾．平安、健康、幸福是我对家人永远的祝福。

本文已接近尾声，这足对五年学业的一个总结，更是学业的继续和崭新的开

始。



个人简历在学期间发表的学术论文与研究成果

个人简历

在学期间发表的学术论文与研究成果

史永堂，男，汉族，1982年7月出生于山东省沂水县，2004年7月毕业于西

北大学数学系，获理学学士学位，同年9月被保送至南开大学组合数学中心跟随

李学良教授硕博连读，研究方向为图论与组合最优化。

在学期间的学术论文与研究成果

1．Yumei Hu，Xueliang Li，Yongtang Slfi，Tianyi Xu，Ivan Gutman，On(礼，m)一
chemical graphs with extremal zeroth-order general Randi6 index，MATCH

Commun．Math．Comput．Chem．54(2005)，425--434．(IDS Number：

019ER)

2．Xueliang Li，Yongtang Shi，Tianyi Xu，Unicyclic gr印hs with maximum

general Randi6 index for Ol>0．MATCH Commun．Math．Comput．Chem．

56(2006)，557-570．

3．Yumei Hu，Xueliang Li，Yongta．ng Shi，Tianyi Xu，Connected(竹，m)一graph8
with minimum and maximum Zeroth-Order general Randid index，Discrete

Appl．Math．155(2007)，1044-1054．(IDS Number：171PR)

4．Xueliang Li，Yongtang Shi，Corrections of proofs for Hansen and M610t’S

two theorems，Discrete Appt．Math．155(2007)，2365-2370．(IDS Number：
229RY)

5．Xueliang Li，Yongtang Shi，A survey on the Randid index，MATCH Com—

mun．Math．Comput．Chem．59(2008)，127-156．(IDS Number：254RM)

6．Ivan Gutman，Xuelinag Li，Yongtang Sift，Jianbin Zhang，Hypoenergetic

trees，MATCH Commun．Math．Comput．Chem．60(2008)，415-426．(IDS
Number：356FX)

7．Xueliang Li，Yongtang Shi，Lingping Zhong，Minimum generalRandid index

Oil chemical trees with given order and number of pendent vertices，MATCH

Commun．Math．Comput．Chem．60(2008)，539-554．(IDS Number：
356FX)

69



个人简历在学期间发表的学术论文与研究成果
_—_—，—__——_-●————●_—、_———●———_—————’p————————_—————_———_———————————————————————————一一一一 一

8．Xueliang Li，Yongtang Shi，Some new results on a conjecture about the

Randid index，Recent Results in the Theory of l：沲ndi6 Index，Mathematical

Chemistry Monographs No．6，2008，57-72．

9．Xueliang Li，Yongtang Shi，(n，-0-Graphs with maximum zeroth-order gen-

eral Randi6 index for口∈(一1，o)，MATCH Commun．Math．Comput．

Chem．62(2009)，163-170．

10．Wenxue Du，Xueliang Li，Vongtang Shi，Algorithms and extremal problem

on Wiener polarity index，MATCH Commun．Math．Comput．Chem．

62(2009)，235-244．

11．Xueliang Li，Yongtang Sift，On the diameter and inverse degree，accepted

by Ars Combin．

12．Xueliang Li，Yongtang Shi，On a relation between the Randi6 index and

the chromatic number，submitted．

13．Xueliang Li，Yongtang Ski，On a relation between the Randi6 index and

the radius，submitted．

70


	封面
	文摘
	英文文摘
	声明
	Chapter 1 Introduction and Historical Notes
	1.1 Graph theory and chemical graph theory
	1.2 Notations and definitions
	1.3 Overview of the thesis
	1.3.1 Randi(c)index and the number of pendent vertices of chemical trees
	1.3.2 Randi(c)index and the minimum degree
	1.3.3 Randi(c)index and the chromatic number,the radius
	1.3.4 The zeroth-order(general)Randi(c)index
	1.3.5 The inverse degree and the diameter


	Chapter 2 Randi(c)Index and the Number of Pendent Vertices of Chemical Trees
	2.1 Bounds of Hansen and Mélot
	2.2 Corrected proof of Theorem 2.1.1
	2.3 Proof of Theorem 2.1.3

	Chapter 3 Randi(c) Index and the Minimum Degree
	3.1 Introduction
	3.2 Some Lemmas and elementary results
	3.3 Some approaches to Conjecture 3.2.1

	Chapter 4 On the Randi(c)Index and the Chromatic Number，the Radius
	4.1 Randi(c)index and the chromatic number
	4.2 Randi(c)index and the radius

	Chapter 5 The Sharp Bounds of the Zeroth-order General Randi(c)Index of Chemical Graphs
	5.1 Introduction
	5.2 Main results

	Chapter 6 The Diameter and the Inverse Degree
	6.1 Introduction
	6.2 The improved upper bounds
	6.3 Comparing of the upper bounds

	Bibliography
	致谢
	在学期间发表的学术论文与研究成果



